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1 Introduction 



The work of Frickc-Klcin [20] develops the deformation theory of hyperbolic 
structures on a surface £ in terms of the space of representations of its fun- 
damental group 7r = 7Ti(£) in SL(2,C). This leads to an algebraic structure 
on the deformation spaces. Here we expound this theory from a modern view- 
point. 

We emphasize the close relationship between algebra and geometry. In par- 
ticular algebraic properties of 2 x 2 matrices are applied to hyperbolic geometry 
in low dimensions. Our main object of interest is the deformation space of hy- 
perbolic structures on a fixed compact surface- with-boundary S. The points 
of this deformation space correspond to equivalence classes of marked hyper- 
bolic structures on int(X) where the ends are either cusps (complete ends of 
finite area) or are collar neighborhoods of closed geodesies. Such deforma- 
tion spaces have been named Fricke spaces by Bers-Gardiner [3]. When X is 
closed, then the uniformization theorem identifies hyperbolic structures with 
conformal structures and the Fricke space is commonly identified with the 
Teichmuller space of marked conformal structures on S. 

Hyperbolic structures are a special case of locally homogeneous geometric 
structures modelled on a homogeneous space of a Lie group G. These struc- 
tures were first systematically defined by Ehresmann [15], and they determine 
representations of the fundamental group 7Ti(S) in G. Equivalence classes of 
structures determine equivalence classes of representations, and the first part 
of this chapter deals with the algebraic problem of determining the moduli 
space of equivalence classes of pairs of unimodular 2x2 matrices. 

Our starting point is the following well-known yet fundamental fact when 
7r is a free group F2 of rank two. This fact may be found in the book of 
Fricke and Klein [20] and the even earlier paper of Vogt [74] . Perhaps much 
was known at the time about invariants of 2 x 2 matrices among the early 
practitioners of what has since become known as "classical invariant theory" . 
Now this algebraic work is contained in the powerful general theory developed 
by Procesi [65] and others, which in a sense completes the work begun in the 
19th century. 
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Procesi's theorem implies that the ring of invariants on the space of repre- 
sentations 7r A SL(2, C) is generated by characters 

P^tr(p( 7 )), 

where 7 £ 1, and hence we call this ring the character ring. We begin by 
proving the elementary fact that character ring jSHi of a cyclic group is the 
polynomial ring C[tr] generated by the trace function SL(2, C) C. From 
this we proceed to the basic fact, that the character ring 9^ of the rank two 
free group F2 is a polynomial ring on three variables: 

Theorem A (Vogt [74], Fricke [19]). Let SL(2, C) x SL(2, C) U C be a regular 
function which is invariant under the diagonal action of SL(2,C) by conjuga- 
tion. There exists a polynomial function F(x, y, z) £ C[x, y, z] such that 

Furthermore, for all (x,y,z) G C 3 , there exists (£,77) e SL(2,C) x SL(2,C) 
such that 
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"tr(0" 
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tr(ry) 
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Conversely, if x 2 + y 2 + z 2 - xyz ^ 4 and (£, if), (£', rf) E SL(2, C) x SL(2, C) 
satisfy 
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then (£', 77') = 77) for some g e G. 

Algebro-geometrically, Theorem A asserts that the SL(2, C)-character va- 
riety V2 of a free group of rank two equals C 3 . This will be our basic algebraic 
tool for describing moduli spaces of structures on the surface E and their 
automorphisms arising from transformations of S. 

The condition x 2 + y 2 + z 2 — xyz 7^ 4 also means that the matrix group 
(£, rf) acts irreducibly on C 2 . That is, (£, w) preserves no proper nonzero linear 
subspacc of C 2 . The condition that £, r\ generate an irreducible representation 
is crucial in several alternate descriptions of SL(2, C)-representations of F2. In 
particular, it is equivalent to the condition that the PGL(2, C)-orbit is closed 
in Hom(F2, SL(2, C)). This condition is in turn equivalent to the orbit being 
stable in the sense of Geometric Invariant Theory. 

A more geometric description involves the action of the subgroup (£, rj) C 
SL(2,C) on hyperbolic 3-space H 3 . The group PSL(2, C) acts by orientation- 
preserving isometries of H 3 . An involution, that is, an element g e PSL(2, C) 
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having order two, is reflection in a unique geodesic Fix(g) C H 3 . Denote the 
space of such involutions by In v. 

Theorem B (Coxeter extension). Suppose that £,77 € SL(2, C) generate an 
irreducible representation and let £ = ?7 _1 £ _1 so that 

£r?C = I 

Then there exists a unique triple of involutions 

such that the corresponding elements P(£), P(r?), P(C) G PSL(2,C) satisfy: 

p(0 = t«t C)! 

P(ry) = i^t^ 
P(C) - t, c t«- 

From Theorem A follows the identification of the Fricke space of the three- 
holed sphere in terms of trace coordinates as ( — 00,— 2] 3 . The three trace 
parameters correspond to the three boundary components of S. From Theo- 
rem B follows the identification of the Fricke space of the three-holed sphere 
with the space of (mildly degenerate) right-angled hexagons in the hyperbolic 
plane H 2 . (Right-angled hexagons are allowed to degenerate when some of the 
alternate edges covering boundary components degenerate to ideal points.) 

The condition x 2 + y 2 + z 2 — xyz ^ 4 means that (£, rj) defines an irreducible 
representation on C 2 . This is equivalent to the condition that 

tr[£,r?]^2. 

Thus the commutator trace plays an important role, partially because the fun- 
damental group of the one-holed torus admits free generators X, Y such that 
the boundary component corresponds to [X, Y\. In particular trace coordi- 
nates identify the Fricke space of the one-holed torus with 

{(x, y, z) G (2, oo)\x 2 + y 2 + z 2 - xyz < 0} 

where the boundary trace equals 

tr[£, rj] = x 2 + y 2 + z 2 - xyz < -2. 

The trace coordinates are related to Fenchel-Nielsen coordinates. Similar de- 
scriptions of the Fricke spaces of the two-holed cross-surface (projective plane) 
and the one-holed Klein bottle are also given. 

The character variety of F 3 is more complicated. Let Xi,X 2 ,X 3 be free 
generators. The traces of the words 

X\,X 2 , X 3 , X1X2, X1X3, X 2 X 3 , X\X 2 Xs, X1X3X2 
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generate the SL(2, C)-character ring of F 3 . We denote these functions by 

Xl,X2,X 3 , £l 2 , £13, £ 2 3, £123, £132 

respectively. However, the character ring is not a polynomial ring on these 
generators, due to the trace identities expressing the triple traces £i 23 and £i 32 
as the roots of a monic quadratic polynomial whose coefficients are polynomials 
in the single traces Xi and double traces Xij : 

£123+2:132 = £122:3 + Xl 3 X 2 + x 23 xi - XlX 2 X 3 
£123 £132 = (£?+£2+2:i) + (xl 2 +xl 3 + x\ 3 ) - 

(X X X 2 X 12 + £ 2 £ 3 £ 2 3 +£ 3 £l£l 3 ) + £l2£23£l3 - 4. 

Furthermore the character variety is a hypersurface in C 7 which is a double 
branched covering of C 6 . In particular its coordinate ring, the character ring, 
is the quotient 

9^3 := C[£i, £ 2 , £ 3 , £12, £13, £23, £123]/? 
by the principal ideal J generated by the polynomial 

$(£l,£ 2 ,£ 3 ,£l2,£l3,£23,£l23) = = 

£l£ 2 £ 3 £l23 + £12£13£23 

- £i£ 2 £ i2 - £l£ 3 £l3 - £ 2 £3£23 

- £l£23£l23 - £2£l3£l23 ~ £3£l2£l23 
+ £]_ + £ 2 + £3 + £j 2 + £13 + £ 2 3 
+ Z?23 - 4 

We use this description to discuss the Fricke spaces of the 4-holed sphere 
S ,4 and the 2-holed torus Si. 2 . In these cases, the generators and their 
products correspond to curves on the surface, and we pay special attention to 
the elements corresponding to the boundary <9£. 

In particular we describe the homomorphisms on character rings induced 
by the orientable double coverings of the 2-holed cross-cap Cq. 2 

^0,4 ► Cq,2 

and the 1-holed Klein bottle Ci,i 

^1,2 — > Ci,i 

respectively. 

Finally we end with the important observation (see Vogt [74]) that the 
SL(2, C)-character ring 9\ n of a free group F„ where n > 4, is generated by 
traces of words of length < 3. 

This chapter began as an effort [30] , to provide a self-contained exposition 
of Theorem A. Later it grew to include several results on hyperbolic geometry, 
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which were used, for example in [29] but with neither adequate proofs nor 
references to the literature. In this version, we have tried to give a leisurely 
and elementary description of basic results on moduli of hyperbolic structures 
using trace coordinates. 
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Notation and terminology. We mainly work over the field C of complex 
numbers and its subfield K of real numbers. Denote the ring of rational inte- 
gers by Z. We denote projectivization by P, so that if V is a C-vcctor space 
(respectively an R- vector space), then P(V) denotes the set of all complex 

(respectively real) lines in V. Similarly if V — > W is a linear transformation 
between vector spaces V, W, denote the corresponding projective transforma- 
tion by P(£), wherever it is defined. For example the complex projective line 
CP 1 = P(C 2 ). The noncommutativc field of Hamilton quaternions is denoted 
PJ. The set of positive real numbers is denoted R + . 

Denote the algebra of 2 x 2 matrices over C by M 2 (C). 

The trace and determinant functions are denoted tr and det respectively. 
Denote the transpose of a matrix Aby A^ . 

Let k be a field (either M or C). Denote the multiplicative group of k (the 
group of nonzero elements) by k*. 

Let n > be an integer. The general linear group is denoted GL(n, k); for 
example GL(2, C) is the group of all invertible 2x2 complex matrices. We also 
denote the group of scalar matrices 



k*I c GL(n,k) 
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by k*. The special linear group consists of all matrices in GL(n, k) hav- 
ing determinant one, and is denoted SL(n, k). The projective linear groups 
PGL(n, k) (and respectively PSL(n, k)) are the quotients of GL(n, k) (respec- 
tively SL(n, k)) by the central subgroup {AI | A e k*} of scalar matrices, which 
we also denote k*. 

If A, B are matrices, then their multiplicative commutator is denoted [A, B] := 
ABA~ 1 B~ 1 and their additive commutator (their Lie product) is denoted 
L\e(A, B) := AB - BA. 

If A is a transformation, denote its set of fixed points by Fix(^4). Denote the 
relation of conjugacy in a group by ~. Denote free product of two groups A, B 
by A * B. If oi, . . . , a n are elements of a group, then (oi, . . . a n ) denotes the 
subgroup generated by a\, . . . , a n . The presentation of a group with generators 
51, . . . g m and relations n(gi, . . . g m ), . . . r„(#i, ...g m ) is denoted 

(51) ■■■g m \r 1 ,. ..r n ). 

Denote the free group of rank n by F„. Denote the symmetric group on n 
letters by 6 n . 

Denote the (real) hyperbolic n-space by H". 

We briefly summarize the topology of surfaces. 

A compact surface with n boundary components will be called n-holed. If 
M is a closed surface, then the complement in M of n open discs will be called 
an "n-holed M." For example a 1-holed sphere is a disc and a 2-holed sphere 
is an annulus. 

We adopt the following notation for topological types of connected com- 
pact surfaces, beginning with orientable surfaces. S S! „ denotes the n-holed 
(orientable) surface of genus g. Thus S ,o is a sphere, Ei j0 is a torus, So,i is 
a disc and So, 2 is an annulus. 

The connected sum operation # satisifics: 

S ffl ,ni H z ^g2,n 2 ~ ^9i+92,«i+n2 ■ 

Other basic facts about orientable surfaces involve the Eulcr characteristic and 
the fundamental group: 

X(S 9 ,„) = 2 - 2g - n 

and if n > 0, the fundamental group 7Ti(S 9j „) is free of rank 2g + n — 1. 

For non-orientable surfaces, our starting point is the topological surface Co,o 
homeomorphic to the real projective plane, which J. H. Conway has proposed 
calling a cross- surface. We denote the n-holed k + 1-fold connected sum of 
cross-surfaces by Ck, n - Thus the Mobius band is represented by Co,i and the 
Klein bottle by 



Ci,o ~ Co,o#Co,o 
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The operation of connected sum satisfies: 



#c kt - 

Cfei,ni#Cfe 2i 




The Euler characteristic and the fundamental group satisfy: 



x{Ck,n) = l-n-k 

and 7Ti(Cfe jra ) is free of rank n + k if n > 0. 

The orientable double covering space of C Si „ is 5] 9i2 n- 



2 Traces in SL(2,C) 



The purpose of this section is an elementary and relatively self-contained proof 
of Theorem A. This basic result explicitly describes the SL(2, C)-character va- 
riety of a rank- two free group as the affine space C 3 , parametrized by the traces 
of the free generators A, Y and the trace of their product XY. Apparently 
due to Vogt [74], it is also in the work of Fricke [19] and Fricke-Klein [20]. 

We motivate the discussion by starting with the simpler case of conjugacy 
classes of single elements, that is cyclic groups (free groups of rank one). In 
this case the SL(2, C)-character variety V\ is the affine line C 1 , parametrized 
by the trace. 



Theorem 2.1.1. Let SL(2,C) — > C be a polynomial junction invariant under 
inner automorphisms o/SL(2,C). Then there exists a polynomial F(t) £ <C[t] 
such that f(g) — F(tr(gj). Conversely, if g,g' G SL(2,C) satisfy 



2.1 Cyclic groups 



tr(g) = tr(g') + ±2, 
then g' = hgh^ 1 for some h e SL(2, C). 



Proof. Suppose / is an invariant function. For t E C, define 



6 := 



t -1 
1 



and define F(t) by 



F(t) = /&). 
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Suppose that t ^ ±2 and tr(g) = t. Then g and £ t each have distinct eigen- 
values 

and hgh' 1 = & for some h G SL(2, C). Thus 

/(<?) = /(fe-^t/i) = m) = F(t) 

as desired. If t — ±2, then by taking Jordan normal form, either g = ±1 or 
g is conjugate to £t. In the latter case, /(<?) = F(t) follows from invariancc. 
Otherwise g lies in the closure of the SL(2, C)-orbit of £t and /(<?) = /(£t) = 
F(t) follows by continuity of /. 

The converse direction follows from Jordan normal form as already used 
above. □ 



The map 

SL(2,C) ^ C 

is a categorical quotient map in the sense of algebraic geometry, although it 
fails to be a quotient map in the usual sense. The discrepancy occurs at the 
critical level sets tr^ 1 (±2). The critical values of tr are ±2, and the restriction 
of tr to the regular set 

tr- 1 (C\{±2}) 

is a quotient map (indeed a holomorphic submersion). The critical level set 
tr _1 (2) consists of all unipotent matrices, and these are conjugate to the one- 
parameter subgroup 

"1 t 
1 

where ( 6 C. For t ^ 0, these matrices comprise a single orbit. This orbit 
does not contain the identity matrix 1 (where t = 0), although its closure 
does. Any regular function cannot separate a non-identity unipotent matrix 
from I. Thus tr _1 (2) contains two orbits: the non-identity unipotent matrices, 
and the identity matrix I. Similar remarks apply to the other critical level set 
tr" 1 (-2) = -tr" 1 (2). 
For example, 

SL(2,C) — » C 

C — tr(£ 2 ) 

is an invariant function and can be expressed in terms of tr(£) by: 

tr(£ 2 ) = tr(0 2 - 2 (2.1.1) 
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which follows from the Cayley-Hamilon theorem (see (2.2.2) below) by taking 
traces. 

2.2 Two-generator groups. 

We begin by recording the first (trivial) normalization for computing traces: 

tr(I)=2. (2.2.1) 

This will be the first of three properties of the trace function which enables 
the computation of traces of arbitrary words in elements of SL(2, C). 

The Cayley-Hamilton theorem. If £ is a 2 x 2-matrix, 

£ 2 -tr(£K + det(£)I = 0. (2 . 2 .2) 
Suppose £,7] £ SL(2, C). Multiplying (2.2.2) by and rearranging, 

e + r 1= tr(0I (2.2.3) 
from which follows (using (2.2.1)): 

tr(0=tr(r 1 )- (2-2.4) 
Multiplying (2.2.3) by rj and taking traces, we obtain (switching £ and 77): 

Theorem 2.2.1 (The Basic Identity). Let £,77 £ SL(2,C). Then 

tr(^)+tr(^- 1 )=tr(Otr(» 7 ). (2.2.5) 

As we shall see, the three identities (2. 2.1), (2. 2. 3) and (2.2.4) apply to 
compute the trace of any word w(£, rj) for £, t] £ SL(2, C). 

Traces of reduced words: an algorithm. Here is an important special 
case of Theorem A. Namely, let w(X, Y) £ tt be a reduced word. Then 

SL(2,C) x SL(2,C) — ► C 

(£,»7)>— ►tr^foj/)) 

is an SL(2, C)-invariant function on SL(2, C) x SL(2, C). Theorem A guarantees 
a polynomial 

f w (x,y,z) £ C[x,y,z] 

such that 

tr(w(tv)) = /™(tr(0,tr(»7),tr(^)) (2.2.6) 
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for all £ SL(2, C). We describe an algorithm for computing f w (x,y,z). 
For notational convenience we write 



tr(w(£,r?)) := fw(x,Y)(x,y,z). 



For example, 



tr(I) = 2, 
tr(r') = tr(0 = x, 
tr(J7 _1 ) - tr(ty) - y, 

verifying assertion (2.2.6) for words w of length ^(u>) < 1. For symmetry, we 
write Z = Y~ 1 X~ 1 , so that X, Y, Z satisfy the relation 

XYZ = I. 

(For a geometric interpretation of this presentation in terms of the three-holed 
sphere So, 3, compare §3.2.) Write ( = (^r?) -1 so that £?]( = I. Then 

tr(^) = tr(r?0 = tr(r V 1 ) = 

trfa-'r 1 ) = tr (C) = MC 1 ) = z, 

The reduced words of length two are 

X 2 , Y 2 , XY,XY-\YX, YX' 1 , 

x~ 2 , y~ 2 , x _1 y _1 ,x _1 y, y- 1 ^- 1 , y _1 x 

As mentioned above, the trace of a square (2.1.1) follows immediately by taking 
the trace of (2.2.2). Thus: 

tr(£ 2 ) - x 2 - 2 
tr(^ 2 ) = y 2 - 2 
tr((^) 2 ) = z 2 - 2 

Further applications of the trace identities imply: 

fO^T 1 ) = xy- z 
tr (^(^)) = ^(vC 1 ) = yz-x 

*{(Zv)- 1 )C 1 )=tr(CC 1 ) = ™-V 
For example, taking w(X, Y) = XY~ X , 

tr^i]- 1 ) = tr(Otr(»j) - tr(^). 
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Furthermore 

tr(^rS) - tr(^)tr(r 1 r } ) - tr(£ 2 ) (2.2.7) 

= z(xy — z) — (x 2 — 2) 

= 2 — x 2 — z 2 + xyz. 

An extremely important example is the commutator word 

k(X,Y) := XYX^Y^ 1 . 

Computation of its trace polynomial k = follows easily from applying (2.2.5) 
to (2.2.7): 

tr^rV 1 ) =tr(^r 1 )tr(r?)-tr(^rS) 

= y 2 — (2 — x 2 — z 2 + xyz) 
= x 2 + y 2 + z 2 — xyz — 2 

whence 

k{x, V, z) = fk{x, y, z) = x 2 +y 2 + z 2 - xyz - 2. (2.2.8) 

Assume inductively that for all reduced words w(X, Y) G it with £(w) < m, 
there exists a polynomial f w (x,y,z) = tr(w(£,7y)) satisfying (2.2.6). Suppose 
that u(X, Y) e F 2 is a reduced word of length £(u) = m. 

The explicit calculations above begin the induction for m < 2. Thus we 
assume m > 2. 

Furthermore, we can assume that u is cyclically reduced, that is the initial 
symbol of u is not inverse to the terminal symbol of u. For otherwise 

u(X,Y) = Su'{X,Y)S-\ 

where S is one of the four symbols 

A, Y, A -1 , 

and £(u') = m — 2. Then u(A, Y) and u'(X, Y) are conjugate and 

tr(u(A,F))=tr(t/(A,F)). 

If m > 2, and u is cyclically reduced, then u(A, Y) has a repeated letter, 
which we may assume to equal X. That is, we may write, after conjugating 
by a subword, 

u(X,Y) = Ul (X,Y)u 2 {X,Y) 

where u\ and ui are reduced words each ending inl ±1 . Furthermore we may 
assume that 

£{u!) + £(u 2 ) = £{u) = m, 
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so that £(ui) < m and £(112) < m. Suppose first that u\ and u 2 both end in 
X. Then 



and each of 



i(X, Y) = ( Ul (X, Y)X- 1 ) X (u 2 (X, Y)X- 1 ) X 



Ul {X,Y)X-\ u 2 {X,Y)X- 1 



has a terminal XX 1 , which we cancel to obtain corresponding reduced words 
u[(X, Y), u' 2 {X, Y) respectively with 

*(iO,*(«0 

for i = 1,2 and 

u(X,Y) = Ul {X,Y)u 2 (X,Y) = u[(X,Y)Xu' 2 (X,Y)X 

in F 2 . Then 

{u 1 {X,Y)X- l )(u 2 {XX)X- 1 r 1 =u' 1 {XX)u' 2 {X,Y)- 1 

is represented by a reduced word us(X, Y) satisfying £(u^) < m. By the 
induction hypothesis, there exist polynomials 

f Ul (x,Y), f U2 (x,Y), fu 3 (x,Y) € C[x,y,z] 
such that, for all e SL(2, C), i = 1, 2, 3, 

tr(«i(£,f?)) = fMx,Y)(*(Z)Mv)MZv))- 

By (2.2.5), 

/u fu 1 fu 2 fu3 

is a polynomial in C[x, y, z\. The cases when u\ and U2 both end in the symbols 
X~ X ,Y, Y^ 1 are completely analogous. Since there are only four symbols, the 
only cyclically reduced words without repeated symbols are commutators of 
the symbols, for example XYX~ 1 Y~ 1 . Repeated applications of the trace 
identities evaluate this trace polynomial as n(x,y,z) defined in (2.2.8). The 
other commutators of distinct symbols also have trace k(x, y, z) by identical 
arguments. 



Surjectivity of characters of pairs: a normal form. We first show that 
t : SL(2,C) x SL(2,C) — ► C 3 



tr(rj) 
tr(^) 
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is surjective. Let (x,y, z) e C 3 . Choose 3 G C so that 
that is, 3 = \{z ± Vz 2 - 4). Let 

Sir ^ 

Then r(^, ?7(y, 3 )) = {x,y,z). 

Next we show that every SL(2, C)-invariant regular function 

SL(2,C) x SL(2,C) ^ C 

factors through r. To this end we need the following elementary lemma on 
symmetric functions: 

Lemma 2.2.2. Let R be an integral domain where 2 is invertible, and let 
R' = i?[3,3 _1 ] be the ring of Laurent polynomials over R. Let R' ^ R' be 
the involution which fixes R and interchanges 3 and 3 . Then the subring of 
a-invariants is the polynomial ring R[$ +3 -1 ]- 

Proof. Let i ? (3,3 _1 ) G -R[3,3 _1 ] be a cr-invariant Laurent polynomial. Begin 
by rewriting R' as the quotient of the polynomial ring R[x, y] by the ideal 
generated by xy — 1. Then a is induced by the involution a of R[x, y] inter- 
changing x and y. Let f(x, y) e R[x, y] be a polynomial whose image in R' is 
F. Then there exists a polynomial g(x,y) such that 

f{x, y) - f{y, x) = g(x, y){xy - 1). 

Clearly g(x, y) = -g(y, x). Let 

f(x, y) = f(x, y)-^ g(x, y){xy - 1) 

so that f(x, y) = f(y, x). By the theorem on elementary symmetric functions, 

f(x,y) = h(x + y,xy) 

for some polynomial h(u, v). Therefore -F(3,3 _1 ) = M3+3 - > -0 as desired. □ 

By definition f(£,,rj) is a polynomial in the matrix entries of £ and n; regard 
two polynomials differing by elements in the ideal generated by det(£) — 1 and 
det(r)) — 1 as equal. Thus f{£,XTfl(y,i)) ec l ua l s a function g{x,y,$) which is a 
polynomial in x,y € C and a Laurent polynomial in 3 e C*, "where £ x and 
ri(y,i) were defined in (2.2.9). 

Lemma 2.2.3. Let £, n e SL(2, C) such that k(t(£, 77)) 7^ 2. T/ien t/iere exists 
h e SL(2, C) smc/i t/iat 

(£>»/) = (r St 1 )- 



3" 



(2.2.9) 
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Proof. Let (x,y,z) = r(£, 77). By the commutator trace formula (2.2.8), 

tr[£,r?] = K(x,y,z) 

where [£,77] = £?7£ _1 ?7 _1 . 

Let L = £77 — r]£. (Compare §4 of J0rgensen [41] or Fenchel [16].) Then 

tr(L) = tr(^) - tr(t£) = 0. 

Furthermore for any 2x2 matrix M, the characteristic polynomial 

A M (i) := det(*I - M) = t 2 - tr(M)t + det(M). 

Thus 

det(L) = det([e,r?]-I)det(r ? 
= det([£,r,]-I) 

= " A K,';]( 1 ) 

= -2 + tr[e,ry] 

= -2 + «(a;,j/, z) ^ 0. 

Choose /i€C* such that /^ 2 det(L) = 1 and let h = fj,L £ SL(2, C). 
Since tr(h) — and det(h) = 1, the Cayley-Hamilton Theorem 

A M (M) = 

implies that /"i 2 = —I. Similarly 

det(/i£) = det(/i) = 1 
det(/w?) = det(/i) = 1, 

and 

tr(^) = M(tr((^)0 - tr((r ? 00) 

= /i(tr(£(r£)) - tr((r?00) = 

and 

tr(/i77) = M(tr((£r?)r?) - tr((r?0»?)) 

= M(tr((^)??) - tr(ry(^)) = 
so (/1O 2 = (M 2 = —I. Thus 

h^h' 1 ^ = -h£h£, = I 

whence h^h^ 1 = Similarly hr/h^ 1 = r\~ x , concluding the proof of the 
lemma. □ 



1G 



Apply Lemma 2.2.3 to £ = £ x and 77 = ^(^,3) as above to obtain h such that 
conjugation by h maps 



and 



If- 



then 



and 



Thus 



»? 1 — > i] 



1 

-1 X 



y -1/3' 
3 



1 

1 



uhrj(uh)~ l = m?7 _1 u _1 



x -1 
1 



3 

-1/3 V 



= /(tift^(tift) -1 ,uhri{uh)~ l ) 

Lemma 2.2.2 implies that 

g(x,y,$) = F(x,y,i + 1/3) 



(2.2.10) 



for some polynomial F(x, y, z) £ C[x, y, z], whenever k(x, y, 3 + 7^2. Since 
this condition defines a nonempty Zariski-dense open set, (2.2.10) holds on all 
of C 2 x C* and 



as claimed. 



Injectivity of SL(2, C)-characters of pairs. Finally we show that if (£, 77), (£', 7/) e 
If satisfy 



"MO" 










tr(rj) 




tr(r/) 
tr«V) 




y 


.tr(^)_ 






2 
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and K,(x,y,z) ^ 2, then (£,7?) and (£',f/) are SL(2, C)-equivalent. By §2.2, the 
triple 



X 




"tr(0" 


V 




trfa) 


z 




tr(^). 



determines the character function 

7T > C 

y) i — ► tr(w(£, jy)) = f w (x, y, z). 

Let p and p' denote the representations tt — ► SL(2, C) taking X, Y to £, 77 and 
£',77' respectively and let X;X' denote their respective characters. Then our 
hypothesis (2.2.11) implies that \ — \' . 



2.3 Injectivity of the character map: the general case. 

The conjugacy of representations (one of which is irreducible) having the same 
character follows from a general argument using the Burnside theorem. I am 
grateful to Hyman Bass [1] for explaining this to me. 

Suppose p and p' are irreducible representations on C 2 . Burnside's Theorem 
(see Lang [47], p. 445) implies the corresponding representations (also denoted 
p, p' respectively) of the group algebra Cn into M 2 (C) are surjective. Since 
the trace form 

M 2 (C) x M 2 (C) — ► C 

(A, B) 1 — ► tr(AB) 

is nondegenerate, the kernel K of Cir A M 2 (C) consists of all 

a a a G Cir 

such that 

= tr( (22a a p(aj)p(j3)\ 

\ aEn / 

= a a tr(p(af3)) 
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for all j3 £ ir. Thus the kernels of both representations of Cw are equal, and p 
and p' respectively induce algebra isomorphisms 

Cn/K — ► M 2 (C), 

denoted p, p' . 

The composition p' o p^ 1 is an automorphism of the algebra M 2 (C), which 
must be induced by conjugation by g € GL(2,C). (See, for example, Corollary 
9.122, p. 734 of Rotman [67].) In particular p'("f) — gpi^g^ 1 as desired. 

Irreducibility. The theory is significantly different for reducible representa- 
tions. Representations 

p u p 2 e Hom(7r,SL(2,C)) 

arc equivalent <==^> they define the same point in the character variety, that 
is, for all regular functions / in the character ring, 

f(Pl) = f{P2). 

If both are irreducible, then pi and pi are conjugate. Closely related is the 
fact that the conjugacy class of an irreducible representation is closed. Here 
are several equivalent conditions for irreducibility of two-generator subgroups 
ofSL(2,C): 

Proposition 2.3.1. Let e SL(2,C). The following are equivalent: 

(1) generate an irreducible representation on C 2 ; 

(2) tr(^- V 1 ) + 2; 

(3) det(^ - ryO 0; 

(4) The pair r?) is not SL(2 7 C) -conjugate to a representation by upper- 
triangular matrices 

a b 
a" 1 ] ' 

where oeC*,kC; 

(5) Either the group (£, if) is not solvable, or there exists a decomposition 

C 2 = Li © L 2 

into an invariant pair of lines Li such that one of £, r\ interchanges Li 
and L 2 : 

(6) {!,£, t?, £77} is a basis for M2(C). 

In the next section we will find a further condition (Theorem 3.2.2) involving 
extending the representation to a representation of the free product Z/2*Z/2* 
Z/2. 
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Proof. The equivalence (1) (2) is due to Cullcr-Shalcn [13]. For complete- 
ness we give the proof here. 

To prove (2)=»(1), suppose that p is reducible. If £, r] generate a represen- 
tation with an invariant subspace of C 2 of dimension one, this representation 
is conjugate to one in which £ and r\ are upper-triangular. Denoting their 
diagonal entries by a, a -1 and b, 6 _1 respectively, the diagonal entries of £?y 
are ab,a~ 1 b~ 1 . Thus 



x 

y 

z 



a + a , 
b + b~\ 
ab + a~ 1 b- 1 . 



By direct computation, k(x, y, z) = 2. 

To prove (1)=^>(2), suppose that k(x, y, z) = 2. Let 21 C M 2 (C) denote the 
linear span of I, £, 77, £77. Identities derived from the Cayley-Halmilton theorem 
(2.2.2) such as (2.2.3) imply that 21 is a subalgebra of M 2 (C). For example, £ 2 
equals the linear combination 



e = -1 + .< 



and 



= (z — xy)l + y£ + xr] - £77. 
The latter identity follows by writing 



(2.3.1) 



(2.3.2) 



r 1 *? + t ^ = tr(rS)i = [xy - z)i 



and summing 



to obtain: 



xrj 

yt 



+ = {z - xy)l + x-q + yi 

as desired. 

In the basis of M2(C) by elementary matrices, the map 

mi 



M 2 (C) 



x\l + x 2 £, + x 3 i] + x^rj 



has determinant 2 — n(x,y, z) = and is not surjective. Thus 21 is a proper 
subalgebra of M 2 (C) and the representation is reducible, as desired. 
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(2) ^=^> (3) follows from the suggestive formula, valid for £,rj e SL(2,C), 
tr(^rS _1 ) + det(£j - vO = 2, (2.3.3) 

whose proof is left as an exercise. 

The equivalence (1)<=> (4) is essentially the definition of reducibility. If 
L C C 2 is an invariant subspace, then conjugating by a linear automorphism 
which maps L to the first coordinate line C x {0} makes the representation 
upper triangular. 

(4)^=> (5) follows from the classification of solvable subgroups of SL(2, C): 
a solvable subgroup is either conjugate to a group of upper-triangular matrices, 
or is conjugate to a dihedral representation, where one of £, r\ is a diagonal 
matrix and the other is the involution 

. "0 1" 

l [l 

(where the coefficient i is required for unimodularity) . A dihedral represen- 
tation is one which interchanges an invariant pair of lines although the lines 
themselves are not invariant. For a descripton of these representations in terms 
of hyperbolic geometry, see §3.2. 

(1)<=>- (6) follows from the Burnside lemma, and identities such as (2.3.1) 
and (2.3.2) to express products of I, £,77, with the generators £, t] as linear 
combinations of I, £, r], £t]. □ 



3 Coxeter triangle groups in hyperbolic 3-space 

An alternate geometric approach to the algebraic parametrization using traces 
involves right-angled hexagons in H 3 . Specifically, a marked 2-gcncrator group 
corresponds to an ordered triple of lines in H 2 , no two of which are asymptotic. 
This triple completes to a right-angled hexagon by including the three common 
orthogonal lines. We use this geometric construction to identify, in terms of 
traces, which representations correspond to geometric structures on surfaces. 
However, since the trace is only defined on SL(2,C), and not on PSL(2,C), 
we must first discuss the conditions which ensure that a representation into 
PSL(2,C) lifts to SL(2,C). 



3.1 Lifting representations to SL(2,C). 

The group of orientation-preserving isomctries of H 3 identifies with PSL(2, C), 
which is doubly covered by SL(2,C). In general, a representation T — > 
PSL(2, C) may or may not lift to a representation to SL(2,C). Clearly if T 
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is a free group, every representation lifts, since lifting each generator suffices 
to define a lifted representation. In general the obstruction to lifting a repre- 
sentation T — ► PSL(2, C) is a cohomology class o € H 2 (T, Z/2). Furthermore 
there exists a central Z/2-extension T — ► T (corresponding to o) and a lifted 
representation T such that 

f ► SL(2,C) 




T ► PSL(2,C) 

commutes. This lift is not unique; the various lifts differ by multiplication by 
homomorphisms 

T — ► {±1} = center(SL(2,C)) 

which comprise the group 

Hom(7ri(E),{±I}) = iJ 1 (S;Z/2). 

The cohomology class in H 2 (T, Z/2) may be understood in terms of Hopf's 
formula for the second homology of a group. (See, for example, Brown [6].) 
Consider a presentation Y = F/R where F is a finitely generated free group 
and R < F is a normal subgroup. A set {/i, . . . , /jy} of free generators for F 
corresponds to the generators of T and R corresponds to the relations among 
these generators. Then Hopf's formula identifies H 2 (T) with the quotient 
group 

([F,F]nR)/[F,R], 

where [F, F] <\ F is the commutator subgroup and [F, R] is the (normal) sub- 
group of F generated by commutators [/, r] where / <E F and r <G R. In- 
tuitively, i?2(r) is generated by relations which are products of simple com- 
mutators [ai, bi] . . . [a g , b g ], where a*, 6, € F are words in /i, . . . , /jv- Such 
commutator relations correspond to maps of a closed orientable surface T, g 
into the classifying space BY of T. If V A G is a homomorphism into G and 
G — ► G is a central extension (such as a covering group of a Lie group) , then 
the obstruction is calculated for each commutator relation 

w = [01,61] . . . [a g ,b g ] e [F, F] n R 

corresponding to a 2-cycle z, as follows. (Here each ai,bi € F is a word in 
the free generators /i, . . . , Jn ) Lift each generator p(fi) to /5(/i) € G and 
evaluate the word w(fi, . . . , /at) on the lifts p(fi) to obtain an element in the 
kernel K of G — > G (since w G R). Furthermore since u> G [F, F] and two 
lifts differ by an element of K C center(G), this element is independent of the 
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chosen lift p. This procedure defines an element of 

which evidently vanishes if and only if p lifts. (Compare Milnor [57]). For 
more discussion of lifting homomorphisms to SL(2, C), compare Culler [12], 
Kra [46], Goldman [26] or Patterson [63]. According to Patterson [63], the 
first result of this type, due to H. Petersson [64], is that a Fuchsian subgroup 
of PSL(2, R) lifts to SL(2, M) if and only if it has no elements of order two.) 

A representation T — ► PSL(2, C) is irreducible if one (and hence every) lift 
f — > SL(2, C) is irreducible. 

3.2 The 3-holed sphere. 

The basic building block for hyperbolic surfaces is the three- holed sphere £o,3- 

Geometric version of Theorem A. Theorem 1 has a suggestive interpre- 
tation in terms of the three-holed sphere So, 3, or "pair-of-pants." Namely, the 
fundamental group 

7Tl(So,3) — F 2 

admits the redundant geometric presentation 

it = TTi (E ,3) = (X, Y, Z I XYZ = 1), 

where X,Y,Z correspond to the three components of 9So,3- Denoting the 
corresponding trace functions by lower case, for example 

Hom(7r,G) ^ C 

p.— tr(ppO), 

Theorem A asserts that the SL(2, C)-character ring of ir is the polynomial ring 

C[x,y,z]. 

Theorem 3.2.1. The equivalence class of a flat SL(2,C) -bundle ewer £0,3 'with 
irreducible holonomy is determined by the equivalence classes of its restrictions 
to the three components of <9Eo,3- Furthermore any triple of isomorphism 
classes of flat SL(2, C) -bundles over <9£o,3 whose holonomy traces satisfy 

x 2 + y 2 + z 2 — xyz ^ 4 

extends to a flat SL(2,C) -bundle over £0,3. 

The hexagon orbifold. Every irreducible representation p corresponds to 
a geometric object in H 3 , a triple of geodesies. Any two of these geodesies 
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Figure 1. The three-holed sphere double covers a hexagon orbifold 

admits a unique common perpendicular geodesic. These perpendiculars cut 
off a hexagon bounded by geodesic segments, with all six angles right angles. 
Such a right hexagon in H 3 is an alternate geometric object corresponding to 
P- 

The surface So, 3 admits an orientation-reversing involution 



whose restriction to each boundary component is a reflection. The quotient 
Hex by this involution is a disc, combinatorially equivalent to a hexagon. The 
three boundary components map to three intervals c\(Hex), for i = 1,2,3, in 
the boundary 9Hex. The other three edges in <9Hex correspond to the three 
arcs comprising the fixed point set Fix(tHex)- The orbifold structure on Hex is 
defined by mirrors on these three arcs on <9Hex. The quotient map 



is an orbifold covering-space, representing £ ,3 as the orientable double cover- 
ing of the orbifold Hex. 

The orbifold fundamental group is 




II Hex 



■» Hex 



'0,3 



tt := 7Ti(Hex) = (lyz, izx,l-xy \ iyz = L zx = l xy = 1) 
^Z/2*Z/2*Z/2. 



The covering-space £0,3 
groups: 



n H ex 



Hex induces the embedding of fundamental 



ti (£0,3) 
X 



(n H ex). 



7Ti(Hex) 



f-ZX^XY 



Y 



tXY>>YZ 



Z 1 ► t-YZl-ZX- 
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Theorem 3.2.2. Let ir A PGL(2, C) be an irreducible representation. Then 
there exists a unique representation it A PGL(2, C) such that p = p o (IiHex)*- 

Every element of order two in PGL(2,C) is reflection about some geodesic. 
Therefore a representation p corresponds exactly to an ordered triple of geodesies 
in H 3 . Denote this ordered triple of geodesies in H 3 corresponding to p by i p . 

Corollary 3.2.3. Irreducible representations ir A PGL(2,C) correspond to 
triples i p of geodesies in H 3 , which share neither a common endpoint nor a 
common orthogonal geodesic. 

The proofs of Theorem 3.2.2 and Corollary 3.2.3 occupy the remainder of this 
section. 

Involutions in PGL(2, C). We are particularly interested in projective trans- 
formations of CP 1 of order two, which we call involutions. Such an involution 
is given by a matrix £ <G GL(2, C) such that £ 2 does act identically on CP 1 but 
£ does not act identically on CP 1 . Thus £ is a matrix whose square is a scalar 
matrix but £ itself is not scalar. Since det(£) ^ 0, replacing £ by 

det(£)- 1/2 e 

for cither choice of det(£)~ 1,/2 — ensures that det(£) = 1. Then the scalar 
matrix £ 2 = ±1. If £ 2 = I, then det(£) = 1 implies £ = —I, a contradiction. 
Hence £ 2 = —I, and £ must have distinct reciprocal eigenvalues ±i. Thus £ is 
conjugate to 

~i " 
-i ' 

The corresponding projective transformation P(£) has two fixed points. The 
orbit of any point not in Fix(P(£)) has cardinality two. 

Proposition 3.2.4. Let £ e M 2 (C). The following conditions are equivalent: 

• P(£) e Inv; 

• £ is conjugate to ^ ^ ; 

• det(£) = 1 and tr(£) = 0; 

• £ 2 = -I and £ ^ ±il; 

• £ 2 = — I and £ is not a scalar matrix. 

The proof is left as an exercise. Denote the collection of such matrices by 

hv:=SL(2,C)ns[(2,C) 

= {£eM 2 (C)|det(0 = l,tr(0 = 0}. 
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Notice that Inv is invariant under ±1, and the quotient 

Inv := lnv/{±I} C PGL(2,C) 

consists of all projective involutions of CP 1 . It naturally identifies with the 
collection of unordered pairs of distinct points in CP 1 , that is, the quotient 

(cp 1 x cp 1 \ A CP i)/e 2 

of the complement in CP 1 x CP 1 of the diagonal 

A CP i c CP 1 x CP 1 

by the symmetric group 6 2 - In §3.2, we interpret Inv as the space of oriented 
geodesies in hyperbolic 3-space H 3 . 

Involutions and the complex projective line. Denote by Inv the closure 
of Inv in the projective space P(sl(2, C)). The complement lnv\ Inv corresponds 
to CP 1 embedded as the diagonal A CP i in the above description. For example 
the elements of Inv corresponding to 0, 00 e CP 1 are the respective lines 



"0 *~ 




'0 0" 







* 



C M 2 (C). 



The closure corresponds to the full quotient space 

(CP 1 x CP 1 )/6 2 . 

An element £ <G PGL(2,C) \ {1} stabilizes a unique element t| G Inv. If £ is 
semisimple (#Fix(£) = 2), then is the unique involution with the same fixed 
points. Otherwise £ is parabolic (#Fix(£) = 1), and t£ corresponds to the line 

Fix(Ad(0) - Ker(l - Ad(f)) C sl(2, C), 

the Lie algebra centralizcr of £ in s((2,C). Further discussion of semisimple 
elements in SL(2,C) and PSL(2,C) is given in §3.2. 

Here is an elegant matrix representation. If £ € SL(2,C) is semisimple and 
7^ I, then the two lifts of l% € Inv to Inv C SL(2,C) differ by ±1. Since £ is 
semisimple, its traceless projection 

£ :=e-^tr(0H 

satisfies 

• tr(£') = 0; 

• £' commutes with £; 

• det(£') 7^ (semisimplicity). 
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Choose S e C* such that 

Then <5 -1 ^' G Inv and represents the involution ^ centralizing £: 

r, = ±- 2 fg-Hg)iY (3.2.1) 

This formula will be used later in (4.2.3). 

3-dimensional hyperbolic geometry. The group GL(2, C) acts by orienta- 
tion-preserving isometries on hyperbolic 3-space H 3 . The kernel of the action 
equals the center of GL(2,C), the group C* of nonzero scalar matrices. The 
quotient 

PGL(2,C) := GL(2,C)/C* 
acts effectively on H 3 . The restriction of the quotient homomorphism 

GL(2,C) — » PGL(2,C) 
to SL(2, C) C GL(2, C) defines an isomorphism 

PSL(2,C) PGL(2,C). 

The projective line CP 1 identifies naturally with the ideal boundary <9H 3 . The 
center of SL(2, C) consists of ±1, which is the kernel of the actions on H 3 and 
CP 1 . The only element of order two in GL(2,C) is —I, and an clement of 
even order 2k in PGL(2, C) corresponds to an element of order 4fc in GL(2, C). 
Elements of odd order 2k + 1 in PGL(2,C) have two lifts to SL(2,C), one of 
order 2k + 1 and the other of order 2(2fc + 1). 

We use the upper-half-space model of H 3 as follows. The algebra H of 
Hamilton quaternions is the M-algebra generated by subject to the rela- 
tions 

i 2 = j 2 = = 0. 

H contains the smaller subalgebra C having basis {1, i}. Define 
H 3 := {z + u] £ H | z e C, u e M, u > 0} 



where 



acts by 



a b 

c d 



e GL(2,C) 

z + uji — > (a(z + u}) + b) (c{z + u]) + d) 1 . 
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PSL(2, C) is the group of orientation-preserving isometries of H 3 with respect 
to the Poincare metric 

u- 2 (\dz\ 2 + du 2 ) 

of constant curvature —1. The restriction of GL(2,C) to <9H 3 identifies with 
the usual projective action of PGL(2,C) on 

<9H 3 ^CP 1 =CU{oo}, 

the space of complex lines (1-dimensional linear subspaces) in C 2 . 

Oriented geodesies in H 3 correspond to ordered pairs of distinct points in 
CP 1 , via their endpoints. Unoriented geodesies correspond to unordered pairs. 
For example geodesies with an endpoint at oo are represented by vertical rays 
z + R+j, where z e C is the other endpoint. The unit-speed parametrization 
of this geodesic is 

R — > H 3 
t 1 — > z + e*j 

Distinct z\, Z2 € C span a geodesic in H 3 whose unit-speed parametrization is: 
R — > H 3 

t -> ^±^ + ^i(tanh(t) + sech(i)j). 

A geodesic I c H 3 corresponds uniquely to the involution i = n £ PSL(2,C) 
for which 

I = Fix(i). 

For example, if zi, Zi e C, the involution in PGL(2, C) fixing Z\,Z2 is given by 
the pair of matrices 



±- 



z\ + z 2 — 2ziz 2 
2 -(z 1 + z 2 ) 



zi - z 2 

If z 2 = oo, the corresponding matrices are: 



eSL(2,C). (3.2.2) 



±i 



-1 2z x 
1 



eSL(2,C). (3.2.3) 



Compare Fenchel [16] for more details. 

Let £ e SL(2, C) be non-central: £ ^ ±1. Then the following conditions are 
equivalent: 

• £ has two distinct eigenvalues; 

• tr(£) ? ±2; 

• the corresponding collineation of CP 1 has two fixed points; 
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• the correponding orientation-preserving isometry of H 3 leaves invariant 
a unique geodesic each of whose endpoints is fixed; 

• a unique involution i£ centralizes £. 

(In the standard terminology, the corresponding isometry of H 3 is either elliptic 
or loxodromic.) 

We shall say that £ is semisimple. Otherwise £ is parabolic: it has a repeated 
eigenvalue (necessarily ±1, because det(£) = 1), and fixes a unique point on 
CP 1 . 

Suppose £ G SL(2, C) and the corresponding isometry P(£) e PSL(2, C) 
leaves invariant a geodesic ! C H 3 . Then the restriction P(£)|; is an isometry 
of I w M. 

Any isometry of R is either a translation of R, a reflection in a point of R, 
or the identity. We distinguish these three cases as follows. For concreteness 
choose coordinates so that I is represented by the imaginary axis R+j C H 3 in 
the uppcr-half-space model. The endpoints of / are 0, oo: 



• P(£)|; acts by translation: Then P(£) is loxodromic, represented by 

"A " 

A- 1 



(3.2.4) 



where A e C* is a nonzero complex number and |A| ^ 1. The fixed point 
set is 

Fix(P(0) ={0,oo}. 

The restriction of P(£) to I is translation along I by distance 2 log | A| , 
in the direction from (its repellor) to oo (its attractor) if |A| > 1. (If 
|A| < 1, then is the attractor and oo is the repellor.) 

P(£)|z a °ts identically: Now P(£) is elliptic and is represented by the 
diagonal matrix (3.2.4), except now |A| = 1. If A = e %e , then P(£) 
represents a rotation through angle 26 about I. In particular if A = 
±i, then P(£) is the involution fixing Although P(£) has order two 
in PGL(2, C), its matrix representatives in SL(2,C) each have order 4. 
(Compare Proposition 3.2.4.) 

P(£)|z acts by reflection: In this case P(£) interchanges the two end- 
points 0, oo and is necessarily of order two. Its restriction P(£)|z to I fixes 
the point p = Fix(P(£)) n I, and is reflection in p. The corresponding 
matrix is: 

" -A" 
A" 1 

where A € C* and p = |A|j is the fixed point of P(£);. Necessarily 
P(£) e Inv and 

Fix(P(0) = {±^A}. 
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Dihedral representations. The following lemma is crucial in the proof of 
Theorem 3.2.2. 

Lemma 3.2.5. Suppose that £ e SL(2, C) \ {±1} and i e Inv. 

(1) Suppose that #Fix(P(£)) = 2. Let C H 3 denote the uniques-invariant 
geodesic (the geodesic with endpoints Fix(P(£))). Then 

t^ = £ _1 (3-2.5) 

if and only if i preserves and its restriction acts by reflection. In that 
case i interchanges the two elements o/Fix(P(£)). 

(2) Suppose that #Fix(P(£)) = 1. Then i£i = if and only if Fix(P(£)) C 
Fix(t). 

Proof. Consider first the case that £ is semisimple, that is, when #Fix(P(£)) = 
2. Let t% C H 3 be the ^-invariant geodesic with endpoints Fix(P(£)). Then i 
interchanges the two elements of Fix(P(£)). In terms of the linear representa- 
tion, £ preserves a decomposition into eigenspaces 

C 2 = L x e L 2 

where each line L t C C 2 corresponds to a fixed point in CP 1 , and i interchanges 
L\ and L 2 . 

When #Fix(P(£)) = 1, the corresponding matrix has a unique cigenspace, 
which we take to be the first coordinate line. Then £ is represented by the 
upper-triangular matrix 



1 u 
1 



± 

and l is also represented by an upper-triangular matrix, of the form 

± 

Rewrite (3.2.5) as: 



i w 
-i 



(^) 2 =I 

so that t£ e Inv. Thus £ factors as the product of two involutions 
Conversely if t, t! € Inv, then the product £ := u' satisfies (3.2.5). □ 



Geometric interpretation of the Lie product. These ideas provide an 
elegant formula for the common orthogonal of the invariant axes of elements 
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of PSL(2,C). Suppose £,77 <= SL(2,C). Then the Lie product 

Lie^r?) :=^-^ (3.2.6) 

has trace zero, and vanishes if and only if £,77 commute. Furthermore (2.3.3) 
and Proposition 2.3.1, (1) (2) imply that Lie(^,ry) is invertible if and only 
if (£, 77} acts irreducibly (as defined in §3). Suppose (£, rf) acts irreducibly, so 
that Lie(£, 17) defines an element A £ PSL(2,C). Since tr(Lie(^, 77)) = 0, the 
isometry A has order two, that is, lies in Inv. 
Now 

tr(aie(£,r?)) =tr(^))-tr(^)) 
= tr(£(fr)) - tr((^)C) 
= 

which implies that £A also has order two, that is, A£A = Lemma 3.2.5 

implies that A acts by reflection on the invariant axis Similarly A acts by 
reflection on the invariant axis £ v . Hence the fixed axis t\ is orthogonal to 
both and £ v : 

Proposition 3.2.6. If £,77 £ GL(2, C), then the Lie product Lie(^, 77) repre- 
sents the common orthogonal geodesic _L {(■¥(£,), £v(rj)) to the invariant axes 
lp(£),lp( n ) o/P(£) and F(n) respectively. 

Compare Marden [53] and the references given there. 

Geometric proof of Theorem 3.2.2. 

Proof of Theorem 3.2.2. Abusing notation, write X, Y, Z for 

p(X),p(Y),p(Z)£PGL(2,C) 
respectively. We seek respective involutions 

p(ixy), p(lyz), p(izx), 

which we respectively denote pxy, Pyz, Pzx- These involutions will be the 
ones fixing the respective pairs. For example we take pxy to be the involution 
fixing _L (Ix,Iy), and similarly for pyz and pzx- 

Suppose that (X, Y) C SL(2, C) acts irreducibly on C 2 . Write Z = Y^X- 1 
so that 

XYZ = I. 

Since (X, Y) acts irreducibly, none of X, Y, Z act identically. 
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Let pxy € Inv be the unique involution such that 

PxyXpxv = X- 1 (3.2.7) 
PxyYpxy = Y^ 1 

respectively. (By Proposition 3.2.6, it is represented by the Lie product 
L\e(X,Y).) The involution pxy will be specified by its fixed line Ixy = 
Fix(pxy), which is defined as follows: If both X,Y are semisimple, then 
Lemma 3.2.5 implies pxy is the involution fixing the unique common orthogo- 
nal geodesic to the invariant axes of X or Y. If both X, Y are parabolic, then 
Pxy is the involution in the geodesic bounded by the fixed points of X, Y. Fi- 
nally consider the case when one element is semisimple and the other element 
is parabolic. Then Ixy is the unique geodesic, for which one endpoint is the 
fixed point of the parabolic element, and which is orthogonal to the invariant 
axis of the semisimple element. 

Similarly define lines Iyz,Izx with respective involutions pyz,pzx € Inv. 
The triple (pxy,Pyz, Pzx) defines the homomorphism p of Theorem 3.2.2. 

Claim: X = pzx Pxy- To this end we show XpxY equals pzx- First, 
XpxY fixes Fix(X), since both X and pxy fix Fix(X). By (3.2.7), 

PxyXYpxy = X- X Y- 1 = X-\XYY X X. 

Equivalcntly, 

PxyZ-'pxy = X-'Y- 1 = X~ X ZX, 

which implies 

{x PXY )z-\x PXY )- 1 = z. 

Now Lemma 3.2.5 (1) implies that XpxY preserves Fix(Z) and its restriction 
to the corresponding line is a reflection. Thus XpxY is itself an involution lz 
with F\x(X pxy) orthogonal to the axis of Z. 

Since XpxY Axes Fix(X), it follows that XpxY = Pzx as claimed. Simi- 
larly Y pyz = Pxy and Zpzx = Pyz, completing the proof of Theorem 3.2.2. 

□ 

3.3 Orthogonal reflection groups. 

An algebraic proof of Theorem 3.2.2 involves three-dimensional inner product 
spaces and is described in Goldman [26] . This proof exploits the isomorphism 
PSL(2,C) — ►S0(3,C). 

The 3-dimensional orthogonal representation of PSL(2,C). Let W = 

C with a nondegenerate symplectic form to. The symmetric square Sym 2 (W) 
is a 3-dimensional vector space based on monomials e • e, e • /, / • / , where e, / is 
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a basis of W , and x ■ y denotes the symmetric product of x, y (the image of the 
tensor product x ® y under symmetrization). Sym 2 (W) inherits a symmetric 
inner product defined by: 



(ui ■ U2, Vl ■ V2) 



1 



(lu(ui,vi)uj(u2,v 2 ) + lu(ui,v 2 )lu(u2,vi)). 



If e, / € W is a symplectic basis for W, the corresponding inner product for 
Sym 2 (W) has matrix 

'0 1" 

-1/2 

1 

with respect to the above basis of Sym 2 (W). In particular the inner product 
is nondegenerate. Every £ £ SL(2,C) induces an isometry of Syvn 2 (W) with 
respect to this inner product. This correspondence defines a local isomorphism 



SL(2,C) 



Sym 2 



SO(3,C) 



with kernel {±1} and a resulting isomorphism PSL(2,( 
If £ € SL(2,C), then 

tr(Sym 2 (0) = tr(0 2 - 1. 
For example, the diagonal matrix 



SO(3,C). 



(3.3.1) 



induces the diagonal matrix 

Sym 2 (0 = 

and 



A 

A" 1 



A 2 
1 






A" 2 



tr(Sym 2 (0) = A 2 + 1 + A" 2 = (A + A" 1 ) 2 - 1. 

Alternatively, this is the adjoint representation of SL(2, C) on its Lie algebra 
s((2) = Sym 2 (W). Here the standard basis of C is 



e = 



and the monomials correspond to 



e • e = 



1 




f = 



1 

1 



/ • / = 




1 
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The inner product corresponds to the trace form 

(X,Y)^ ±tr(XY) 
which is 1/8 the Killing form on sl(2,C). 



3-dimensional inner product spaces. Let ei,e2,e3 denote the standard 
basis of C 3 . A 3 x 3 symmetric matrix B determines an inner product B on 
C 3 by the usual rule: 

(v, w) v^Bw. 

We suppose that B is nonzero on ei,e2,es; in fact, let's normalize B so that 
its basic values are 1: 

B(e ljei ) = 1 for i = 1,2,3. 

In other words, the diagonal entries satisfy B\\ = B22 = B33 = 1. 
Let Ri = R\ ' denote the orthogonal reflection in Ci defined by B: 

v y——^ v — 2B(v, €i)ei 

with corresponding matrix: 

R t := I-2e i (e i ) t S. 

(e^e^B is the 3x3 matrix with the same i-th row as B and the other two 
rows zero.) Since 

I = B(ej, ej) = {e^Bei (matrix multiplication), 

R\BR l -B=(I- 2Be i (e j ) t )B(l - 2e i (e i ) t S) - B 

= -2Bei{etfB - 2Be i (e i ) t B + LBe^e,) 1 Be^erf B 
= -2Bei(ei) ] B - 2Be i (e i ) t J B + ABe^e^B 
= 

so Ri is orthogonal with respect to B. 

Thus the matrix B determines a triple of involutions r[ b>> , R 2 B ^ , R^ in 
the orthogonal group of B: 

0(C 3 ,B) := {£ G GL(2,C) | ^B£, = B}. 

In other words, B defines a representation p := p( B ^ of the free product 

7T := Z/2 * Z/2 * Z/2 
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in 0(C 3 ,B), taking the free generators Lxy, ^yz, lzx of 7r into r[ B \ R 2 B \ R^ 
respectively. The restriction p := of p^ to the index-two subgroup 

Z * Z = 7T C 7T 

(compare §3.2) assumes values in the subgroup 

SO(C 3 ,B) :=SL(3,C)nO(C 3 ,B). 

When B is nondegenerate, then SO(C 3 , B) = S0(3, C) (a specihc isomorphism 
corresponds to an orthonormal basis for B) . There are exactly 4 lifts p of p to 
the double covering-space 

SL(2,C) — ► SO(3,C) SO(C 3 ,B) 

To see this, for each generator X, Y, Z of n, its p-image has exactly two lifts, 
differing by ±1. Lifting the generators to p(X),p(Y), p(Z) respectively, exactly 
half of the eight choices satisfy 



p(X)p(Y)p(Z) = I, 



(3.3.2) 



(as desired), and for the other four choices the product equals —I. 

Choose one of the four lifts satisfying (3.3.2), and denote it p. If i ^ j, the 
trace of RiRj € SL(3,C) equals A(Bij) 2 — 1. For example, take i = 1, j = 2: 



p(Z)=R 1 R 2 = 



-1 -2B 12 
1 


4(Bi 2 ) 2 - 1 

— 2I?i2 





-2Si 3 

1 

-2B 12 
-1 




1 

-2Bi2 


4B23B12 





-1 - 



2Bi 3 ' 





-2B 2 3 
1 



— 2^23 
1 



has trace 4(£>i 2 ) 2 — 1. 

This calculation gives another proof of surjectivity in Theorem 1 (as in 
[26]). For (x,y, z) e C 3 , the matrix 



B 



' 1 z/2 y/2 
z/2 1 x/2 
y/2 x/2 1 



(3.3.3) 



defines a bilinear form B and a representation p^ as above. 

The corresponding SL(2, C)-traces of the p- images of the generators X, Y, Z 
of 7r satisfy: 

tr(p(X)) - ±2B 23 
tr(p(r)) = ±2B 13 
tr(p(Z)) = ±2B 12 
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because (using (3.3.1)): 



tr(p(X)) 2 

tr(p(Y)) 2 
tr(p(Z)f 



l+tr^Sym 2 (p(X)) 
l+tr^Sym 2 ^)) 
l+trfsym 2 ^)) 




l + tr(i? 1 i? 2 ) = 4(B 12 ) 2 



1 + tr(fl 3 i?i) = 4(B 3 i ) 2 



1 + tr(R 2 R 3 ) = 4(B 23 ) 2 



Now adjust the lifts 



as above to arrange a representation ir 



^SL(2,C) with 



tr(p(X)) = x 
tr(p(Y))=y 
tr(p(Z)) = z 



as desired. 

When k(x,u,z) = 2, the matrix B is singular and we obtain reducible 
representations. There are two cases, depending on whether rank(£>) = 2 or 
rank(B) = 1. (Since B^O, its rank cannot be zero.) 



A real character (x, y, z) € R 3 corresponds to a representation of a rank- 
two free group in one of the two real forms SU(2), SL(2, R) of SL(2, C). This 
was hrst stated and proved in general by Morgan-Shalen [59]. Geometri- 
cally, SU(2)-representations are those which fix a point in H 3 , and SL(2,R)- 
representations are those which preserve a plane H 2 C H 3 as well as an orien- 
tation on the plane. 

Theorem 3.4.1. Let (x,y,z) € R 3 and 

k(x, y, z) := x 2 + y 2 + z 2 — xyz — 2. 

Let it A SL(2,C) be a representation with character (x,y,z). Suppose first 
that k(x, y, z) ^ 2. 

• If —2 < x, y, z < 2 and n(x,y, z) < 2, then p(w) fixes a unique point in 
H 3 and is conjugate to a SU (2) -representation. 

• Otherwise p(n) preserves a unique plane in H 3 and its restriction to that 
plane preserves orientation. 

If k(x, y, z) — 2, then p is reducible and one of the following must occur: 

• p(ir) acts identically on H 3 , in which case p(ir) C {±1} is a central 
representation. 



3.4 Real characters and real forms. 
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• p(ir) fixes a line in H 3 , in which case —2 < x, y, z < 2 and p is conjugate 
to a representation taking values in S0(2) = SU(2) n SL(2,R). 

• p(ir) acts by transvections along a unique line in H 3 , in which case 

x,y,z e R\ ( - 2,2). 

Then p is conjugate to a representation taking values in S0(1,1) C 
SL(2,R). 

• p(ir) fixes a unique point on 9ooH 3 . 

Recall that S0(1, 1) is isomorphic to the multiplicative group R* of nonzero 
real numbers, and is conjugate to the subgroup of SL(2,R) consisting of diag- 
onal matrices. 

Corollary 3.2.3 associates to a generic representation p an ordered triple i p 
of geodesies in H 3 . When p is irreducible, the corresponding cases for i p are 
the following: 

• If p fixes a unique point p e H 3 , then the three lines are distinct and 
intersect in p. Conversely if the three lines are concurrent, then p is 
conjugate to an SU(2)-representation. 

• If p preserves a unique plane P, then the three lines are distinct. There 
are two cases: 

— The three lines are orthogonal to P; 

— The three lines lie in P. 

The first case, when the lines are orthogonal to P, occurs when k(x, y, z) < 2. 
In this case the corresponding involutions preserve orientation on P. The 
second case, when the lines lie in P, occurs when k(x, y, z) > 2. In that case the 
involutions restrict to reflections in geodesies in P which reverse orientation. 

Real symmetric 3x3 matrices. We deduce these facts from the classifi- 
cation given in Theorem 1. First assume that (x,y,z) is an irreducible char- 
acter, that is, n{x,y,z) ^ 2. Theorem 1 implies that (x,y, z) is the character 
of the representation p given by (2.2.9), and all such characters are PGL(2, Un- 
conjugate. 

The matrix B defining the bilinear form B in (3.3.3) satisfies: 

4det(B) = 2 - n(x,y,z) 

so B is degenerate if and only if k(x, y, z) = 2, in which case p is reducible. 

Suppose that B is nondegenerate, so that either k(x, y, z) > 2 or k(x, y, z) < 
2. Suppose first that n(x,y,z) > 2. Then det(_B) < 0. Since the diagonal 
entries of B are positive, B is indefinite of signature (2,1). In particular, it 
cannot be negative definite. In this case the triple of lines corresponding to p 
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are all coplanar. The corresponding involutions reverse orientation on P and 
act by reflections of P in the three geodesies respectively. 

When k(x, y, z) < 2, there are two cases: either B is positive definite (sig- 
nature (3,0)) or indefinite (signature (1,2)). The restriction of B to the coor- 
dinate plane spanned by and ej is given by the 2x2 symmetric matrix 



1 



B; 



Bij 1 

which is positive definite if and only if — 1 < B^ < 1. Thus B is positive 
definite if and only if — 2 < x, y, z < 2. 

Otherwise B is indefinite and p corresponds to a representation in SO (1, 2). 
In this case the triple of lines in H 3 are all orthogonal to the invariant plane 
P in H 3 . The corresponding three involutions preserve orientation on P and 
act by symmetries about points in P. 



The two-dimensional normal form. Another approach to finding a rep- 
resentation with given traces involves a direct computation with the explicit 
normal form (2.2.9) as follows. Let (x, y, z) be as above. First solve z = 2 cos(#) 
to obtain representative matrices: 



with a slight change of notation from (2.2.9). 

A Hermitian form on C 2 is given by a Hermitian 2 x 2-matrix H . A complex 
2x2 matrix H is Hermitian H = . The corresponding Hermitian form 



~x -1" 







e~ ie ~ 


1 


, r) y ,e ■= 


-e 10 


V 



on 



is: 



(u, v) i — ► v^Hu, 



where u,v € C 2 . A linear transformation C 2 — J 
H. 



C 2 preserves H = 



The ^-invariant Hermitian forms comprise the real vector space with basis 



"2 


X 




' i 


X 


2 




-i 



and the 77^0-invariant Hermitian forms comprise the real vector space with 
basis 



2 -ysec(e) 
-ysec(9) 2 



i-ytan(0)' 
-i-ytan(0) 



The p-invariant Hermitian forms thus comprise the intersection of these two 
vector spaces, the vector space with basis 



H = 



2sin(fl) a;sin(0) - i(y + xz/2) 

xsin(9)+i(y + xz/2) 2sin(6») 
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This Hcrmitian matrix is definite since its determinant is positive: 

det(.ff) = 4sin 2 (6») -x 2 sm 2 (6) - (y-xz/2) 2 = 2- n{x,y,z) > 
(since sin 2 (#) = 1 - (z/2) 2 and n(x,y,z) < 2). 



Figure 2. A ribbon graph for a three-holed sphere 




Figure 3. A ribbon graph for a one-holed torus 



Figure 4. A ribbon graph for a two-holed cross-surface 




Figure 5. A ribbon graph for a one-holed Klein bottle 
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4 Hyperbolic structures on surfaces of % = —1 

We apply this theory to compute, in trace coordinates, the deformation spaces 
of hyperbolic structures on compact connected surfaces S with x(E) = — 1. 
Equivalently, such surfaces are characterized by the condition that 7Ti (E) is a 
free group of rank two. There are four possibilities: 

• S is homeomorphic to a three-holed sphere (a "pair-of-pants" or "trin- 
ion") E , 3 ; 

• E is homeomorphic to a one-holed torus 

• E is homeomorphic to a one-holed Klein bottle C^i; 

• E is homeomorphic to a two-holed projective plane Co. 2- 

Each of these surfaces can be realized as a ribbon graph with three bands con- 
necting two 2-cells. The number of boundary components and the orientability 
can be read off from the parities of the number of twists in the three bands. 

4.1 Fricke spaces. 

The Fricke space ^(E) is the space of isotopy classes of marked hyperbolic 
structures on E with <9E geodesic. The group of isometries of H 2 equals 
PGL(2,R), which embeds in PSL(2,C). Its identity component PSL(2,M) con- 
sists of the isometries of H 2 which preserve an orientation on H 2 . The holon- 
omy map embeds 5(E) in the deformation space 

Hom(7ri(E), PGL(2, K))//PGL(2, K). 

Since <9E ^ 0, 7Ti(E) is a free group, and the problem of lifting a representation 
of 7Ti(E) to GL(2,R) is unobstructed. 

The various lifts are permuted by the group i/^E; Z/2), which is isomor- 
phic to Z/2 © Z/2 when x(E) = —1. In terms of trace coordinates on the 
R-locus of the character variety this action is given by: 



X 




X 




—x 




—x 


y 


1 


-y 




y 




-y 


z 




—z 




—z 




z 



Theorem 4.1.1. Using trace coordinates of the boundary, the Fricke space of 
the three-holed sphere Eo,3 identifies with the quotient of the four octants 

(-oo,-2] x (-oo,-2] x (-oo, -2] ]J(-oo, -2] x [2,oo) x [2,oo) 

]Jj2,oo) x [2,oo) x (-oo,-2] 

]J[2, oo) x (-oo, -2] x [2, oo) C M 3 
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by H 1 (Z,Z/2). The octant 

(-oo,-2] x (-oo,-2] x (-oo,-2] 
defines a slice for the H 1 (Y,,Z/2)-action. 

The proof will be given in §4.3. 

Theorem 4.1.2. The Fricke space of the one-holed torus Si ; i identifies with 
the quotient of 

k,- 1 ((-00, -2]) = {(x, y, z) € R 3 I x 2 + y 2 + z 2 - xyz < 0} 

by ^(^,1/2). The region 

{{x, y, z) e (2, oo) 3 \x 2 +y 2 + z 2 - xyz < 0} 

is a connected component of k^ 1 ((—00, —2]), defines a slice for the i? 1 (S, Z/2)- 
action, and hence identifies with the Fricke space ofT,. 

The proof will be given in §4.4. 



4.2 Two-dimensional hyperbolic geometry 

We take for our model of the hyperbolic plane H 2 the subset of H 3 comprising 
quaternions z + u\, where u > and z£i, A matrix 



A = 



a b 
c d 



€ GL(2,C) 



determines a projective transformation of CP 1 = <9H 3 which extends to an 
orientation-preserving isometry of H 3 . This isometry preserves H 2 if and only 
if it is a scalar multiple of a real matrix. As usual, normalize A e GL(2,C) by 
dividing by a square root ^/det(A) e C* . An element of 

SL(2,C) n C*GL(2,R) 

is either: 

• a real matrix of determinant 1 , or 

• a purely imaginary matrix iA 1 where A' G GL(2,R) satisfies det(j4') = 1. 

In the first case the corresponding orientation-preserving isometry of H 3 pre- 
serves orientation on H 2 , and in the second case its restriction reverses orienta- 
tion on H 2 . The traces of their representative matrices in SL(2,C) distinguish 
these cases. We emphasize that these representatives are only determined 
up to ±1. Suppose that A e PSL(2,C) preserves a plane P C H 3 and let 
A e SL(2, C) be a lift of A. Then: 
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• The restriction of A to P preserves orientation tr(A) e R; 

• The restriction of A to P reverses orientation tr(A) <G iM. 

Observe that an element A e SL(2, C) whose trace is both real and purely 
imaginary — that is, equals zero — is an involution in a line £ := Fix(A). 
The A-invariant planes fall into two types: those which contain £, upon which 
A reverses orientation, and those which are orthogonal to £, upon which A 
preserves orientation. 



The hyperbolic plane and involutions of H 3 . The proof of Theorem 4.1.1 
requires an algebraic representation of half-planes in H 2 . Given an orientation 
on H 2 , and an oriented geodesic I C H 2 , there is a well-determined half-plane 
bounded by £, defined as follows. Let x € I. Choose the unit vector V£ 
tangent to £ at x determined by the orientation of I. The choice of half-plane 
.f) C H 2 \ I is determined by the normal vector v to £ at x pointing outward 
from $). Choose jo so that the basis {vg, v) C T X H 2 is positively oriented. 

The points of H 2 identify with geodesies in H 3 which are orthogonal to H 2 ; 
the endpoints of such geodesies are complex-conjugate elements of CP 1 \ MP 1 . 
An involution which interchanges these endpoints is given by matrices ±I x+ - ju , 
where the 2x2 real matrix 



x -(x 2 + u 2 ) 
1 — X 



(4.2.1) 



has determinant 1 and trace 0. (Apply (3.2.2), taking Z\ = x + iu and z 2 = 
x — iu.) The space of such matrices has two components, depending on the 
signs of the off-diagonal elements. A matrix 

A e SL(2,K) ns[(2,R) 

equals I x +iu, for some x + ]u e H 2 if and only if A\2 < < A%\, in which case 

u = (A 2 i)-\ x = (A 2 iy 1 A 11 . 

The above inequalities determine one of the two sheets of the two-sheeted 
hyperboloid in s[(2,M) defined by the unimodularity condition det(A) = 1. 

This gives a convenient form of the Klein hyperboloid model for H 2 , as the 
quadric in sl(2,M) = R 3 defined by 

l = det(A) = -itr(A 2 ). 

Next we represent oriented geodesies by involutions. A geodesic in H 2 
determines an involution by (3.2.2) and (3.2.3), where z\, zi are distinct points 
in MP 1 . Such a matrix is purely imaginary, has trace zero and determinant one. 
Multiplying by i, we obtain an clement A of s[(2,R) which has determinant 
— 1. Such a matrix has well-defined 1-dimensional eigenspaces with eigenvalues 
±i. These eigenspaces determine the respective fixed points in MP 1 . Replacing 
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A by —A interchanges the ±i-eigenspaces. In this way, we identify the space 
of oriented geodesies in H 2 with 

{A e st(2,R) | det(A) = -1}. 

This is just the usual hyperboloid model. Think of s[(2, R) as a 3-dimensional 
real inner product space under the inner product 

(A,B) :=\tr{AB). 

The corresponding quadratic form relates to the determinant by 

(A,A) = 1 -tr(A 2 ) = -det(A). 

This quadratic form is readily seen to have signature (2, 1) since its value on 

a b 

c —a 

equals a 2 + be. Then H 2 corresponds to one component of the two-sheeted 
hyperboloid (say the one with b < < c) 

{f)esI(2,K) | (v,v) = -1} 

and the space of oriented geodesies corresponds to de Sitter space 

dS 2 := {v e sl(2,R) | (v,v) = 1}. 

A vector v € dS 2 determines a half-plane Ti.(v) by: 

H{v) := {w e H 2 | (to, t>) > 0}. (4.2.2) 

In particular, TL(—v) is the half-plane complementary to H(v). 
For example, the half-plane corresponding to 

"1 " 

-1 

consists of all x + u j where x > 0, as can easily be verified using (4.2.1). 

The main criterion for disjointness of half-planes is the following lemma, 
whose proof is an elementary exercise and left to the reader. (Recall that two 
geodesies in H 2 are ultra-parallel if and only if they admit a common orthogonal 
geodesic; equivalently distances between their respective points have a positive 
lower bound.) 

Lemma 4.2.1. Let V\,vi € dS 2 determine geodesies C H 2 and half- 

planes Hi := Tt(vi) with &Hi — 1%. The following conditions are equivalent: 

• \{vi,v 2 )\ > 1; 

• The invariant geodesies l\ and £ 2 are ultraparallel. 
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In this case, the following two further conditions are equivalent: 

• (vi,v 2 ) > 1; 

• Either C H 2 or H 2 cHi. 

Contrariwise, the following two conditions are equivalent: 

• (vi,v 2 ) < -I; 

• Either Hi and H 2 are disjoint or their complements are disjoint. 

Hyperbolic isometries. An element A £ SL(2,K) is hyperbolic if it satisfies 
any of the following equivalent conditions: 

• tr(A) > 2 or tr(A) < -2; 

• A has distinct real eigenvalues; 

• The isometry of H 2 defined by A has exactly two fixed points on <9H 2 ; 

• The isometry of H 2 defined by A leaves invariant a (necessarily unique) 
geodesic I a, upon which it acts by a nontrivial translation. 

A geodesic I in H 2 is specified by its reflection pi, an isometry of H 2 whose 
fixed point set equals I. If v £ dS 2 is a vector corresponding to £, then pi is 
the restriction to H 2 of the orthogonal reflection in SO(2, 1) fixing v: 



(3.2.1) implies the following useful formula for the invariant axis of a hyperbolic 
element: 

Lemma 4.2.2. Let A be hyperbolic. Then 



u + 2(u, v)v. 



u 




£ lnvnSL(2,R) 



(4.2.3) 



defines the reflection in the invariant axis of A. 



Notice that 



-A 



A- 1 



A 




represents translation along a geodesic (the imaginary axis in H 2 ) by distance 
I > from to oo. The corresponding reflection is 
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which determines the half-plane: 



U(A) = {x + u\ g H 2 | x > 0, u > 0} 



as above. 



4.3 The three-holed sphere. 



We now show that a representation corresponding to a character (x, y, z) g M 3 
satisfying x,y,z < —2 is the holonomy representation of a hyperbolic struc- 
ture on a three-holed sphere. We find matrices X, Y, Z of the desired type 
and compute the corresponding reflections X, Y, Z. Then we show that the 
corresponding half-planes are all disjoint (after possibly replacing X, Y, Z by 
their negatives). From this we construct a developing map for a hyperbolic 
structure on S. For details on geometric structures on manifolds and their 
developing maps, see Goldman [27, 29, 31] or Thurston [73]. 

Lemma 4.3.1. Suppose X,Y,Z g SL(2,C) satisfy XYZ = I and have real 
traces x,y,z < —2 respectively. Then the inner products 



are all < —1. 

Proof. The proof breaks into a series of calculations. By symmetry it suffices 
to prove (X,Y) < -1. By the definition (4.2.3) 



(X,Y),(Y,Z),(Z,X) 




tr( AXY - 2xY - 2yX + xyl) 



2 V V-4)( 2 ;2_4) 



2z — xy 



(4.3.1) 



~ v/(* 2 - 4)(y 2 - 4) 

since tr(XY) = z, tr(Y) = y, tr(X) = x and tr(I) = 2. Because 
x,y,z<—2 2z — xy < 0, 



the calculation above implies 



(X,Y)<0. 



(4.3.2) 



Now 



x 2 + y 2 + z 2 - xyz - 4 > 4 + 4 + 4- 8- 4 = 



implies that 



(2z - xy) 2 - (x 2 - 4)(y 2 - 4) = 4(a; 2 + y 2 + z 2 - xyz - 4) > 
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and 




2z — xy 



) 



2 



^( X 2_4 )(y 2_ 4) 



> 1. 



(4.3.3) 



Thus (4.3.1) and (4.3.3) imply 



whence (4.3.2) implies: 



(X,Y) < -1 



as claimed. 



□ 



Conclusion of proof of Theorem J^.l.l. Thus the half-planes 7i ^ , 7i p , 7i g arc 
either all disjoint or their complements are all disjoint. Replacing X, Y, Z by 
their negatives if necessary, assume that the complements to , H Y , Tig arc 
pairwise disjoint. 
The intersection 

Aoo := 7Yjj H Hy D Tig 

is bounded by the three geodesies 

£ x =dH x , iy^dUy, i z = dHg 

and three segments of <9H 2 . When some of p(X), p(Y),p(Z) are parabolic, then 
these segments degenerate into ideal points. If a, b are lines or ideal points, 
denote their common orthogonal segment by _L (a, b). Define: 



Let Hex p C A M denote the right hexagon bounded by axY , °~yz, °~zx and 
segments of IxAyAz as in Figure 6. Map the abstract hexagon Hex of §3.2 



and the other three edges of 3Hex map homeomorphically to o^xy, o~yz, o~zx 
respectively. This mapping embeds Hex into H 2 . 
A fundamental domain for the action of 



o~xy 



o~zx 



o~yz 



■■-L (£xJy) 
=-L (lY,tz) 
=-L (tz,tx). 



to Hexp so that 



&(Hex).— 
a 2 (Hex) 



tti(E) = (X, Y, Z | XYZ = 1) 
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on the universal covering surface 

E := ^Hex x n^j / ~ 

is the union 

A := HexU txy(Hex). 

We shall extend the embedding Hex H 2 to a local diffeomorphism (a devel- 
oping map) 

E — ► H 2 

which is 7Ti(E)-equi variant with respect to the action p on H 2 . Pull back the 
hyperbolic structure from H 2 to obtain a m (E)-invariant hyperbolic structure 
on E, as desired. 

Extend Hex <—* H 2 to A — ► H 2 as follows. Map the reflected image of Hex 
to txyHexp. Then 

X = IZXlXY 

identifies the two sides of A corresponding to o~zx and lxyo~zx, and 

Y = t-XYf-YZ 

identifies the two sides of A corresponding to lxy&yz and oyz- (Compare 
Figure 6.) This defines a hyperbolic structure on E with geodesic boundary 
developing to lx, Iy and tz- 

This completes the proof that every character (x,y,z) G ( — oo,2] 3 is the 
holonomy of a hyperbolic structure on E0.3. 

□ 



4.4 The one-holed torus. 

Now consider the case E w E1.1. Present tt — 7Ti(E) as freely generated by 
X, Y corresponding to simple closed curves which intersect transversely in one 
point. Then the boundary 9E corresponds to the commutator K = [X, Y] and 
we obtain the presentation 

7T = (X,Y,Z,K I XYZ = I, XY = KYX) 
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Figure 6. Fundamental domain for hyperbolic structure on £0,3. 



The corresponding trace functions are 



x(\p]) 


:=tr(p(X)) 


v([p\) 


:=tr(p(Y)) 




:=tr(p(Z)) 


Hip}) 


:=tr(p(K)) 



= k(x, y, z) = x 2 + y 2 + z 2 - xyz - 2, 

which we denote by x, y, z, k (without reference to p) when the context is clear. 
The goal of this section is to prove Theorem 4.1.2. 

Lemma 4.4.1. Suppose (x, y, z) e M 3 satisfies x 2 + y 2 + z 2 — xyz < 4. Then 
either: 

• (x,y,z) e [-2,2] 3 or 

• \x\, \y\, \z\ > 2. 

In the first case (x, y, z) is the character of an SU(2)-representation as in The- 
orem 3.4.1. 



Proof. Rewriting the hypothesis as 

(x 2 -A)(y 2 -4) > (2z-xy) 2 , 
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it follows that (x 2 - A)(y 2 - 4) > 0. By symmetry (y 2 - A)(z 2 - 4) > and 
(z 2 — 4)(x 2 — 4) > as well. Thus none of \x\, \y\, \z\ equal 2, and either 

x 2 - 4, y 2 - 4, z 2 - 4 

are all positive or all negative. If 

\y\, \z\ < 2 

then (x,y,z) is an SU(2)-character as in Theorem 3.4.1; otherwise 



Figure 7. The one-holed torus as an identification space. The identification 
map Y conjugates X to a boundary element of 7Ti(E'), but with the opposite 
orientation. 

Denote by X C S a simple closed curve corresponding to the generator 
X e 7Ti(£). The surface-with-boundary S' := S|X obtained by splitting S 
along X is homeomorphic to a three-holed sphere. Denoting the quotient 
map by S' ^ E, the three components of <9£' are the connected preimage 
d' := and the two components X± of the preimage H^ 1 (X). Choose 

arcs from the basepoint to X + and represent the boundary generators of 7Ti (£') 
by the elements d', X + , X- subject to the relation X_X + d' — I. The quotient 
map induces a monomorphism 



x\, \y\, \z\ > 2 



as desired. This completes the proof of Lemma 4.4.1. 



□ 




7n(£') 

X+\ — > X 

X- i — > yx-^y- 1 

9' i — > d = X~ X YXY 



-1 



Compare Figure 7. 



Lemma 4.4.2. The composition poll, is the holonomy representation of a 
hyperbolic structure on £' w So, 3- 
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Proof. By Theorem 4.1.1, it suffices to show that the images of the boundary 
generators d' , X-, X + € tti(£') under poll* have trace < —2. By Lemma 4.4.1, 

tr(n, o p{X_)) = tr(n, o = x 

is either > 2 or < —2. In the former case, replace p{X) by — p(X) to assume 
that x < — 2. Now by assumption 

tr(n, o p(d')) = tr(p(K)) = k<-2 

so that all three boundary generators of m (£') have trace < —2, as desired. □ 

Conclusion of proof of Theorem 4-1-2. Thus we obtain a hyperbolic structure 
on £' with geodesic boundary. Choosing a developing map with holonomy 
IT ° p, the isometry p(Y) realizes the identification of with £ + for which 
II is the quotient map. The resulting quotient space is homeomorphic to S 
and inherits a hyperbolic structure from the one on S' and the identification. 
Therefore p is the holonomy representation of a hyperbolic structure on S. 
This concludes the proof of Theorem 4.1.2. □ 

Compare Goldman [29] for a different proof. 

The algebraic methods discussed here easily imply several other qualitative 
geometric facts: 

Proposition 4.4.3. Suppose that x,y,z G K satisfy n(x,y,z) < —2 and 

(x,y,z) ^ (0,0,0). Then (x,y,z) is the character of a representation ir 
SL(2,R) and p(X) and p(Y) are hyperbolic elements whose axes cross. 

Proof. Since n{x,y, z) < —2 < 2, Lemma 4.4.1 applies. The representation 
p with character (x,y, z) is conjugate to cither an SU(2)-representation or an 
SL(2, ^-representation. Since 

tr{p([X,Y})) <-2, 

the only possibility for an SU(2)-representation occurs if k(x, y, z) = —2. Then 
p is conjugate to the quaternion representation 



P(X) 



-1 

1 



P(Y) 



i 
-i 



and (x,y, z) = (0,0,0), a contradiction. (Compare §2.6 of Goldman [29].) 
Thus (x,y, z) corresponds to an SL(2, R)-representation p. Lemma 4.4.1 im- 
plies that p(X) and p(Y) are both hyperbolic. Proposition 3.2.6 implies that 
the involution fixing the common orthogonal _L {t- p <x) > ^p(y)) 01 their respective 
invariant axes is given by the Lie product Lie(p(JT), p{Y)) . In particular their 
axes cross if and only if _L (£ p (x) , ^p{Y) ) is orthogonal to the real plane H 2 C H 3 , 
that is, if Lie(p(X), p(y)) defines an orientation-preserving involution of H 2 . 
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This occurs precisely when the matrix L\e(p(X), p(Y)) has positive determi- 
nant. By (2.3.3), the Lie product Lie(p(X), p{Y)) has positive determinant if 
and only if the commutator trace 

tr([p(X),p(Y)])<2, 

as assumed. The proof of Proposition 4.4.3 is complete. □ 

4.5 Fenchel-Nielsen coordinates. 

In an influential manuscript written in the early 20th century but only recently 
published, Fenchel and Nielsen [17] gave geometric coordinates for Fricke space. 
We briefly relate these coordinates to trace coordinates for the surfaces of Euler 
characteristic —1. 

Pants decompositions. Decompose E into a union of three-holed spheres 
("pants") 

Pi,..., Pi 

along a system of N disjoint simple curves 

71, . . . ,7at C int(E). 

Let di, . . . , d„ denote components of <9E. For a given marked hyperbolic struc- 
ture on E, the curves ji,dj may be taken to be simple closed geodesies. The- 
orem A implies that the isometry type of the complementary subsurfaces Pk 
are determined by the lengths of the three closed geodesies representing dPk- 
The resulting map 

S(£) (R + ) N x (R> ) n 
(M) ^ l M ( 7i ) x £ M (dj) 

which associates to a hyperbolic surface M the lengths of the geodesies ji , dj 
is onto. Its fibers correspond to the various ways in which the subsurfaces Pk 
are identified along interior curves 7$. 

Choose a section a of the map F as follows. Each interior curve 7 bounds 
two subsurfaces, which we denote P' and P" . The corresponding boundary 
curves are denoted 7' C P' and 7" C P" respectively. The twist parameter 
Ti E M represents the displacement between points on the marked surfaces 
P, P' corresponding to the section a. This realizes the Fenchel-Nielsen map F 
as a principal M^-bundlc over 5"(E). Wolpert [77, 78, 79] shows that, when S is 
closed and orientable, the Fenchel-Nielsen coordinates on 3(E) are canonical 
or Darboux coordinates for the symplectic structure arising from the Weil- 
Petersson Kahler form on Teichmuller space, and indeed F is a moment map 
for a completely integrable system on S"(E). 
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In the orientable case, £ w £ Sjra , then 

AT = 3(p-l) + n. (4.5.1) 

Since x(^) = 2 — 2# + n and each Pk has Euler characteristic — 1, the number 
I of subsurfaces Pk equals 

I = -*(£) = 2 + 2.g + n. 

Consider the set S of pairs (a, C), where a is one of the N + n curves di, 7j 
and C C ft is a collar neighborhood of a inside Pk for some k. Each C lies 
in exactly one Pk and each subsurface Pk contains exactly three pairs (a, C), 
the cardinality of S equals 3/. Furthermore the number of collars C equals 
2N + n, since each ji is two-sided in £ and each dj is one-sided. Computing 
the cardinality of S in two ways: 

2N + n = 31 = 3(2 5 - 2 + n) 

implies (4.5.1). 

The nonorientable case, say E w C^ n , reduces to the orientable case by 
cutting along a disjoint family of simple loops: k of them reverse orientation 
and TV = k + 2 — n preserve orientation. This follows easily from the classi- 
fication of surfaces: Ck. n can be obtained from the planar surface So,fc+ n by 
attaching k cross-caps (copies of Co,fc) to k of the components of S ,fe+ri- In 
the nonorientable surface S w Cfe. n are A: disjoint orientation-reversing simple 
loops si, . . . , Sfe so that the surface £' obtained by splitting E along s\,...,Sk 
identifies to S. Denote the resulting quotient map by 

S ~ Xo,n+fc > S ~ Ck,n- 

Let s- C £' denote the preimage (/) _1 (si). Given a hyperbolic structure on 
there is a uniqe way of extending this hyperbolic structure to £ as follows. As 
usual, assume that each s[ C £' is a closed geodesic. Choose e > sufficiently 
small so that all the e-collars N t (s' i ) of s- are disjoint. Denote the complement 
of these collars by 

k 

E" :=E'\(JJV £ (0. 
i=i 

Represent the geodesic as the quotient §/{£), where ^ E PSL(2,R) is hy- 
perbolic and s C H 2 is the ^-invariant geodesic. That is, £ is a transvection 
along the geodesic s. Let y/£ denote the unique glide-reflection whose square 
is ^; it is the composition of reflection in s with the transvection of displace- 
ment ^(£)/2 where is the displacement of £. If a matrix representative 
of £ has trace x > 2, then x = 2 cosh (£(£)/2) and a matrix representing the 
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glide-reflection v 7 ? equals 

Let N e (s) C H 2 be the tubular neighborhood of width e about s. The quotient 
N e (s)/(y^} is a cross-cap bounded by a hypercycle (equidistant curve). The 
union 

s"U^(5)/(V?> 

is the desired hyperbolic structure on S. 



Fenchel-Nielsen coordinates on Si,i. We relate the Fricke trace coordi- 
nates to Fenchel-Nielsen coordinates as follows. We suppose that the boundary 
<9£ has length b > 0, the case 6 = corresponding to the complete finite-area 
structure (where the holonomy around <9£ is parabolic). 

Suppose that IcS has length I > 0, and has holonomy represented by: 



p(X) :- 



J/2 





-1/2 



where x — 2cosh(?/2). Then 



Fix(ppO) = {0,cx)}. 

A fundamental domain for the cyclic group (p(X)) is bounded by the geodesies 
with endpoints ±e~'/ 2 and ±e'/ 2 respectively. 

Normalize the twist parameter t so that r = corresponds to the case that 
the invariant axes t p (x) , ^p(Y) are orthogonal. In that case take Fix(p(F)) = ±1 
and define 



Po(Y) := 



cosh(/x/2) sinh(/z/2)' 
sinh(/i/2) cosh(/i/2) 



where y — 2cosh(^/2). 

A fundamental domain for the cyclic group (p(Y)) is bounded by the 
geodesies with endpoints — e^/ 2 and e ±Ai / 2 respectively. For this represen- 
tation, 

z = tr(p(X)p {Y)) = xy/2 = 2 cosh(Z/2) cosh(/z/2). 

Let t 6 Rbe the twist parameter for Fenchel-Nielsen flow. (Compare Wolpert [77]). 
The orbit of the Fenchel-Nielsen twist deformation is defined by the represen- 
tation 



p(Y) := p Q (Y)cxp((r/2)p(X)) 
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1 

-1 



where 

ftX) = 

defines the one-parameter subgroup 

exp((r/2) / 5(X)) 
Now x = 2cosh(l/2) is constant but 

y = tr(p(y)) = tr(fa(Y) 

= 2cosh(7/2) cosh(r/2). 

Similarly, 

z = tr(pp0P00) =tr 

= 2cosh(^/2)cosh((/ + r)/2). 
Now the commutator trace tr(p([X, Y})) equals 

-2 cosh(&/2) = k(x, y,z) = 2- sinh 2 (7/2) sinh 2 (^/2) 



e T ' 2 
e- T ' 2 



e T ' 2 
e^' 2 



e 1 / 2 ' 
e-'/ 2 



Po(Y) 



e T ' 2 
e- T / 2 



whence 



cosh 2 (/x/2) = l-4csch 2 (Z/2)sinh 2 (&/4). 



Therefore the Fricke trace coordinates are expressed in terms of Fenchcl- 
Nielsen coordinates by: 

x = 2cosh(Z/2) 



y = 2Jl -4csch 2 (Z/2)sinh 2 (&/4) cosh(T/2) 



z = 2Jl -4csch 2 (Z/2)sinh 2 (6/4) cosh ((r + 0/2). 



4.6 The two-holed cross-surface. 

Following John H. Conway's suggestion, we call a surface homeomorphic to 
a real projective plane a cross-surface. Suppose that S = Co. 2 is a 2-holcd 
cross-surface (Figure 4). Then 7Ti(£) is freely generated by two orientation- 
reversing simple loops P, Q on the interior. These loops correspond to the two 
1-handlcs in Figure 4. The two boundary components d± of £ correspond to 
elements 



i2:=P -1 Q -1 , R'.^QP- 1 , 
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obtaining a redundant geometric presentation of 7Ti(S): 

tt = (P,Q,R,R' | PQR = PQ~ 1 R' = 1). 

The characters of the generators of this presentation define a presentation of 
the character ring 

C[/p, /q, /a, /ii'] / (/p + fn> - fpfo) 

the relation being (2.2.5). Of course p, q, r (respectively p, q, r') are free gen- 
erators for the character ring (a polynomial ring in three variables). 

The Fricke space of £ was computed by Stantchev [70]; compare also the 
forthcoming paper by Goldman-McShanc-Stantchev-Tan [32] . For a given hy- 
perbolic structure on S, the holonomy transformations p(P) and p{Q) reverse 
orientation, their traces are purely imaginary, and the traces of p{R) and p(R') 
are real. For this reason we write 

ip = Ip = tr(p(P)) G iR 
iq = fa = tr(p(Q)) G iR 
r = f R = tr(p{R)) G R 
r = fw = Hp(R')) G R 

where p, q, r, r' G R and 

r' :=r+pqe R. 

By an analysis similar to that of So, 3 and Su, the Fricke space of £ identifies 
with 

{(p, g, r) G R 3 | r < -2, + r > 2}. 
Compare [70, 34, 32] for further details. 

4.7 The one-holed Klein bottle. 

Now suppose S is a one-holed Klein bottle. (Compare Figure 5.) Once again 
we choose free generators P, Q for tt corresponding to the two 1-handles in 
Figure 5 which reverse orientation. The boundary component D corresponds 
to P 2 Q 2 and, writing R = (PQ) _1 , we obtain a redundant geometric presen- 
tation 

tt = (P,Q,R,D | PQR = I,D = P 2 Q 2 ) 
and the character ring has presentation 



c[/p, fa, /«, f D }/(f D - (fpfaf R - f P - f Q + 4)) 
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Since P, Q reverse orientation on H 2 , the functions fp, Jq are purely imaginary 
and fp, fo are real. Thus we write 

ip = f P = tr(p(P)) G iR 

iq = f Q = tr(p(Q)) G iR 

r = f R = tr(p(R)) G R 

d = /u = tr(p(D)) G R 

and the Fricke space of S identifies with 

{(p 7 q,r)eR 3 | p 2 +q 2 -pqr>0}. 

See Stantchev [70] and [32] for details. 

5 Three-generator groups and beyond 

Let S be a compact connected surface- with-boundary. Suppose dT, ^ 0. Then 
the fundamental group 7Ti(S) is free of rank 3 if and only if the Euler char- 
acteristic x(^) = ~ 2. Such a surface is homeomorphic to one of the four 
topological types: 

• A 4-holed sphere So, 4; 

• A 2-holed torus £1,2; 

• A 3-holed cross-surface (projective planes) Co, 3; 

• A 2-holed Klein bottle Ci, 2 . 

In this section we only consider the orientable topological types, namely So. 4 
and Si i2 - We relate their character varieties to those of nonorientable surfaces 
Co, 2 and Ci t \, discussed in §5.5 and §5.6. 

5.1 The SL(2,C)-character ring of F 3 . 

Representations p of the free group (X\, X 2l X 3 ) of rank three correspond to 
arbitrary triples 

(p(X 1 ),p(X 2 ),p(X 3 )) G SL(2,C) 3 . 

As before we consider the quotient space (in the sense of Geometric Invariant 
Theory) under the action of SL(2,C) by inner automorphisms, the character 
variety. Its coordinate ring is by definition the subring of invariants (the 
character ring) 

C[SL(2,C) 3 ] PSL(2 ' C) c C[SL(2,C) 3 ] 
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of the induced effective PSL(2, C)-action on the ring of coordinate ring C[SL(2, C) 3 ]. 

We saw in §2 that for a free group of rank two, the character variety is 
an affine space and the charcter ring is a polynomial ring. The situation in 
rank three is more complicated. The character variety V3 is a six-dimensional 
hypersurface in C 7 , which admits a branched double covering onto the six- 
dimensional affine space C 6 . 

Explicitly, the character ring D\ 3 is generated by eight trace functions 

tl,t2,t3, ti2,t 2 3, il3>£l23, *132 

defined by 

U(p) := tr(ppQ)) 
UM ■= tr(p(XiXj)) 
t ijk {p) := tr(p{XiXjX k )) 

subject to two relations expressing the sum and product of traces of the length 
3 monomials in terms of traces of monomials of length 1 and 2: 

tl23 + *132 = ^12*3 + ^13*2 + ^23*1 — ^1*2*3 (5.1.1) 
*123 *132 = (t? +4+ 4) + (tf 2 + t 2 23 + 4 3 ) - (5.1.2) 
(^1^2^12 + £2*3*23 + *3*1*13) + *12*23*13 — 4. 

We call (5.1.1) the Sum Relation and (5.1.2) the Product Relation respectively. 
They imply that the triple traces t\23 and t\ 3 2 are the respective roots A of 
the irreducible monic quadratic equation: 

A 2 - / S A + / n = 

where the coefficients: 

/e := *12*3 + *23*1 + *13*2 — *1*2*3 

and 

/n := (tl+tj+tl) 

+ {t\ 2 + 4 3 + t\ 3 ) 

— (*1*2*12 + *2*3*23 + *3*1*13) 
+ *12*23*13 — 4 

are the polynomials appearing in the right-hand sides of (5.1.1) and (5.1.2) 
respectively. 

V3 is a hypersurface in C 7 . Eliminating ti 32 in (5.1.1) as 

^132 = *12*3 + *13*2 + ^23*1 — *1*2*3 — *123; (5.1.3) 
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realizes V3 as the hypersurface in C 7 consisting of all 
satisfying 

*123 (^12*3 + ^13*2 + ^23*1 — ^1*2*3 — tm) = (*l + *2 + *§) + (*12 + *23 + ^13) 

— (tlhtu + ^2*3*23 +£3^1*13) + ^12^23*13 — 4. 



V3 double covers C 6 . The double covering of V3 over C 6 arises from the 
composition 



V, 



where 



c 




6 


h ' 




*2 




*1 


*3 




«2 


*12 




*3 


^23 




*12 


*13 




^23 


^123 




*13 


*132 





is the coordinate projection. 

Proposition 5.1.1. The composition (5.1.4) 

V C 6 



[p] 



h(p) 
Hp) 
Mp) 

*23(P) 
*ls(/9). 



(5.1.4) 



is onto. Furthermore it is a double covering branched along the discriminant 
hypersurface in C 6 defined by 



tis) 



(*12*3 + *13*2 + t 23 tl - tlt2*s) 2 = 4^(t? + *| + t§) + (t? 2 + t| 3 + t\ 

— (tit 2 ti2 + t 2 t 3 t 2 3 + t 3 titi 3 ) + ti 2 t 23 ti 3 — 4 



GO 



The goal of this section is to prove the identities (5.1.1), (5.1.2) and Proposi- 
tion 5.1.1. 

Proof of the Sum Relation. To prove these identities, we temporarily in- 
troduce the following notation. Let £ = p(X\), r\ = p{X^), ( = p(Xs), so that 
(5.1.1) becomes: 

tr(^C)+tr(^r/)=tr(^)tr(C) 

-tr(C)tr(Otrfa)+tr(COtrfa) 

+ tr(»7C)tr(0. (5.1.5) 

To prove (5.1.5), apply the Basic Identity (2.2.5) three times: 

tr(Cr?C)+tr(^r 1 )=tr(^)tr(C) (5.1.6) 
triC'Hv) + trOT 1 ^" 1 ) = tr(C-^)tr(»j) 

= (tr(C)tr(0-tr(C0)tr(»7) (5.1.7) 

triv-'CH) + tr^-^-'r 1 ) = tr^CXO 

= tr«)tr(0 (5.1.8) 

Now add (5.1.6), subtract (5.1.7) and add (5.1.8) to obtain: 

(tr(^C) +tr(^C" 1 )) - (MC 1 ^ +tr(C 1 £T 1 )) 
+ (tr(r?- 1 C 1 0+tr(^)) 

= tr(^)tr(C)-(tr(C)tr(0-tr(CO)tr(»y) 

+ tr(r?C)tr(0 (5.1.9) 

The right hand side of (5.1.9) is the right-hand side of (5.1.5). The left-hand 
side of (5.1.9) equals: 

tr^o + N^r'j-Mr 1 ^)) 

+ (-tr(r 1 ^- 1 )+tr(r ? - 1 r 1 0) 

+tr(CC?) = tr(£<)+tr(£Cr?), 

the left-hand side of (5.1.5), from which (5.1.5) follows. 



Proof of the Product Relation. We 

Directly applying the Basic Identity (2.2. 

tr(C£0?) = tr(COtr(C»?) - 
= tr(COtr(Cr?) - 
= tr(COtr(Cr?) - 



derive this formula in several steps. 
5): 

tr^ 1 ) (5.1.10) 
(tr(Otr(»j) - tr(^)) 
tr(Otrfa) + tr(fr) 
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Apply a calculation similar to (2.2.7) to £, £ 



trtfC'r'C 1 ) = tr(Otr(C)tr(CO - tr(«) 2 - tr(£) 2 + 2 (5.1.11) 



-tr^r'C 1 ) 
= tr(^) (tr(COtr(C»?) - tr(Otrfa) + tr(^)) 
-(tr(0tr(C)tr(C0-tr(C0 2 -tr(0 2 +2) 
(by (5.1.10) and (5.1.11)) 
= tr(£»7)tr(COtr(»7C) 

- tr(0tr(»j)tr(^) - tr(C)tr(0tr(C0 
+ tr(^) 2 +tr(£) 2 -2. 



Finally applying (5.1.12) and the Commutator Identity (2.2.8) to r/,(- 



tr(£?C)tr(£C»7) = tr(^C^) +tr(7?C??- 1 r 1 ) 



- tr(C)tr(0tr(C0 + tr(^) 2 + tr(C£) 2 + tr(£) 2 - 2) 
+ (trfa) 2 + tr(C) 2 + tr«) 2 - tr(r 7 )tr(C)tr(r / C) - 2) 



obtaining (5.1.2). 



Proof that t is onto. Now we prove Proposition 5.1.1. For a more general 
treatment see Florentino [18]. 

Theorem 1 guarantees £1,^2 <= SL(2, C) such that 



(5.1.12) 



(tr(^)tr(C0tr(»7C) - tr(?)tr(r ? )tr(^) 



tr(Ci) 
tr(6) 
tr(66) 



tl2- 



(5.1.13) 



We seek £ 3 e SL(2, C) such that 



tr(&) 
tr(66) 
tr(66) 



*3, 

*23> 

*13- 



(5.1.14) 
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To this end, consider the affine subspace W of M 2 (C) consisting of matrices co 
satisfying 

tr(u>) = f 3 , 

tr(6w)=* 23 , (5-1.15) 
tr(£iw) = ti3- 

Since the bilinear pairing 

M 2 (C) x M 2 (C) — >C 

K,rj) i — ► tr(^ty) 

is nondegenerate, each of the three equations in (5.1.15) describes an affine 
hyperplane in M 2 (C). We first suppose that {ti,t 2 , £12) describes an irreducible 
character, that is n(ti, i 2 , £12) 7^ 2: 

4 - *1 - *2 - *12 + *1*2*12 ^ 0. (5.1.16) 

Our goal will be to find an element £ 3 G W such that det(£ 3 ) = 1. 

Lemma 5.1.2. There exist £1,^2 G SL(2,C) satisfying (5.1.13) suc/i f/iai >V 
is a (nonempty) affine line. 

Proof. Since n(ti, i 2 , £12) 7^ 2, Proposition 2.3.1, (2) implies that the pair £i,£ 2 
generates an irreducible representation. 

We claim that {I, £1 , £2} is a linearly independent subset of the 4-dimensional 
vector space M 2 (C). Otherwise the nonzero element £1 is a linear combination 
of £ 2 and I. Let v 7^ be an eigenvector of £ 2 . Then the line (v) spanned by v 
is invariant under £1 as well, and hence under the group generated by £1 and 
£2- This contradicts irreducibility of the representation generated by £1 and 

Since {I, £1, £ 2 } is linearly independent, the three linear conditions of (5.1.15) 
are independent. Hence W C M 2 (C) is an affine line. □ 

Let luo,lui G W be distinct elements in this line. Then the function 

C — > C 

s 1 — ► det(swi + (1 — s)wo) 

is polynomial of degree < 2, and is thus onto unless it is constant. 

We shall show that this map is onto, and therefore W n SL(2, C) 7^ 0. The 
desired matrix £ 3 will be an element of W n SL(2, C). 
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Lemma 5.1.3. Let cjo,Wi G M 2 (C). Then 
det(,sw 1 + (1 — s)cj ) = det(u + — w o)) 

= det(w ) + s ^tr(cj )tr(a>i - w ) - tr(w (wi - w ))^ 



Proof. Clearly 



Now 



+ s det(cji — wo) 

tr(o) + s (wi - w )) = tr(w ) + str(wi - w ). 

, , tr(u) 2 - tr(w 2 ) 
det(w) = - 



whenever w e M 2 (C). Now apply (5.1.18) to (5.1.17) taking 

u = wo + s(wi - UJ ) 



Thus the restriction det|w is constant only if det(wi — ujq) = 0. 
Choose a solution £ of £ + £ _1 = ii 2 . Work in the slice 



(5.1.17) 
(5.1.18) 

□ 



6 



-1 




, 6 



o 
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The matrix w € M 2 (C) defined by: 

cj = 



*3 ((^13 -tli 3 )€ + *2 3 )€/(e 2 - 1)' 

.((ti3-tii 3 ) + t2 3 £)/(£ 2 -i) 



satisfies (5.1.15). Any other uj G W must satisfy 

tr(w — w ) = 0, 
tr(&(w-wo)) = 0, 
tr(£i(w-w )) = 0. 



(5.1.19) 



Lemma 5.1.4. ^4n?/ solution u — of (5.1.19) is a multiple of 

-* 2 +r 1 *i e-r 1 



Lie(£i,£ 2 ) =£i£ 2 -£ 2 £i 



Proof. The first equation in (5.1.19) asserts that w — t^o lies in the subspace 
st(2), upon which the trace form is nondegenerate. The second and third 
equations assert that u) — w is orthogonal to £i and £ 2 . By (5.1.16), £i,£ 2 
and I are linearly independent in M 2 (C), so the solutions of (5.1.19) form a 
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one-dimensional linear subspace. The Lie product 

Lie(a,&) = 66-6£i 
is nonzero and lies in s[(2). Furthermore, for i = 1, 2, 

tr(6£i&) = trfe^a) 
implies that Lie(^i,^ 2 ) is orthogonal to £i and £2- The lemma follows. □ 



Parametrize W explicitly as ui = loq + s Lie(£i, £2). By (2.3.3), 

det(Lie(6, 6)) = 4 - (t\ + t\ + tj 2 - ht 2 t 12 ) = 2 - K {h, t 2 , t 12 ) £ 0. 
By (5.1.16), the polynomial 

is nonconstant, and hence onto. Taking 

wi e (det| w 1 )(l), 

the proof of Proposition 5.1.1 is complete assuming (5.1.16). 
The case when 4 — t\ — t 2 — t\ 2 + t\t 2 t\ 2 = remains. Then 

U = CLi + (ai) -1 

for i = 1, 2, for some a\, a 2 e C*. Then cither 

h2 = aia 2 + (a^y 1 (5.1.20) 



or 



ti2 = 01(^2) 1 + (ai) 1 a 2 . 
In the first case (5.1.20), set 



(5.1.21) 



£1 := 
6 := 
£3:= 



ai ii3 — 01^3 

(ai)" 1 

«2 *23 — «2^3 

(a 2 )" 1 

*3 -1' 

1 
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and in the second case (5.1.21), set 

"(ai)" 1 t 13 -{ ai )-H 3 



6 := 
£3 := 



ai 

«2 ^23 — ^2^3 
.0 (as)" 1 

is -ll 
1 



obtaining (£1,6,6) € SL(2,C) 3 explicitly solving (5.1.13) and (5.1.14). The 
proof of Proposition 5.1.1 is complete. 



5.2 The four-holed sphere. 

Let £ w S , 4 be the four-holed sphere, with boundary components A, S, C, I? 
subject to the relation 

ABCD = I. 

The fundamental group is freely generated by 

A = X 1 ,B = X 2 ,C = X 3 

which represent three of the boundary components. The fourth boundary 
component is represented by an element 

D := (XiXiXa)- 1 , 

satisfying the relation 

ABCD = I. 

The resulting redundant presentation of the free group is: 
7T = (A,B,C,D I ABCD = I). 

The elements 

X := X1X2 
Y := 

Z := X1X3 



correspond to simple loops on £ separating £ into two 3-holed spheres. (Com- 
pare Figure 8.) The (even more redundant) presentation 

7T = (A, B, C, D, X, Y, Z I ABCD = I, 

X = AB, Y = BC, Z = CA) 



GG 



gives regular functions 



x 



d 



a 



V 



z 



c 



b 



tl 
*2 

is 

tl2 
^23 
*13 
*123 



generating the character ring. Using (5.1.1) to eliminate t\s2 as in (5.1.3), the 
product relation (5.1.2) implies: 

x 2 + y 2 + z 2 + xyz = (ab + cd)x 

+ (ad + bc)y 
+ (ac + bd)z 

+ (4 -a 2 -b 2 -c 2 -d 2 -abed). (5.2.1) 

This leads to a presentation of the character ring as a quotient of the polyno- 
mial ring C[a, b, c, d, x, y, z] by the principal ideal ($) generated by 



Thus the SL(2,C)- character variety is a quartic hypersurface in C 7 , and for 
fixed boundary traces (a,b,c,d) E C 4 , the relative SL(2,C)- character variety 
is the cubic surface in C 3 defined by (5.2.1), as was known to Fricke and Vogt. 
(Compare Benedetto-Goldman [2], Goldman [28], Goldman-Neumann [33], 
Cantat-Loray [11] and Cantat [10], Iwasaki [40].) 

The Fricke space of S 0)4 . We identify the Fricke space #(£0,4) m terms of 
trace coordinates. 

Theorem 5.2.1. The Fricke space of a four-holed sphere with boundary traces 
a,b,c,d > 2 is defined by the inequalities in R 4 x M 3 for (a, b, c, d) G K 4 and 



$(a, 6, c, d; x, y, z) = x 2 + y 2 + z 2 + xyz 



— (ab + cd)x — (ad + bc)y — (ac + bd)z 
+ a 2 + b 2 + c 2 + d 2 + abed - 4. 



(5.2.2) 



(x,y,z) £l 3 : 



< 



a,b,c,d > 2, x < —2, 
F~,F+ >0 

p_ p + _ (x 2 +a 2 +b 2 -abx-i)(x 2 +c 2 +d 2 -cdx-i) 
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Figure 8. Seven simple curves on £0,4. 



where 
F~ = y/2-x[ y- z 



(a — b)(d — c 
2 - x 



^ - y/-2-x(y + z- 



r - = v 2 — ( y-z- (j^m_A ) + v -T-J.( ,, . : ... 



(a + b)(d + c) 
-2-x 

(a + b)(d + c) 
-2-x 



Proof. For a given hyperbolic structure on E, the holonomy generators p(A), 
p(B), p(C), p(D) E PSL(2,R) are hyperbolic or parabolic. Choose lifts 

p(A),p(B),p(C),p(D) eSL(2,R) 

which have positive trace. Since p is a representation 7Ti(S) — ► PSL(2,R), 

p(A)p{B)p{C)p(D) = ±1. 

We claim that p(A)p(B)p(C)p{D) = I. Since 

tr(p(A)) > 2 
tr(p(B)) > 2 
tr(p(C)) > 2 
tr(p(D)) > 2, 

each of p(A) , p(B) , p(C) , p(D) lies in a unique one-parameter subgroup of 
SL(2,R). The corresponding cmbeddings define trivializations of the cor- 
responding flat PSL(2,R)-bundle over each component of as in Gold- 
man [22, 26]. Namely, since each component <9j(E) is a closed 1-manifold, 
lifting a homeomorphism R/Z — ► <9j(E) to 



$(£) 
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the flat bundle over di (£) with holonomy ji lifts to the quotient of the trivial 
principal PSL(2, K)-bundlc M x PSL(2,K) by the Z-action generated by 

{t,g) .— > (t + l,^g). 

The corresponding trivialization is covered by the Z-equivariant isomorphism 



where 



(t,g) ' — ► ^,exp ( - tlog(7 l ) 5 )^ 

<^ exp(tlog(7i)) I 
I ) tea 



is the unique one-parameter subgroup of PSL(2,R) containing 7, as above. 

Since x(S) = —2, the Euler class of the representation p equals —2 and is 
even. The obstruction to lifting a representation to the double covering space 

SL(2,M) — > PSL(2,R) 

is the second Stiefel- Whitney class, which is the reduction of the Euler class 
modulo 2. Therefore p defines a representation and p(A)p(B)p(C)p(D) = I as 
claimed. 

Furthermore, if p is a Fuchsian representation, then X is represented by a 
unique closed geodesic on E and 

P {X) = P {A)p(B) 

is hyperbolic. The relative Euler classes of the restriction of p to the sub- 
surfaces complementary to X sum to ±2. Since they are constrained to 
equal — 1,0, +1, they both must be equal to +1 or both equal to —1. (Com- 
pare [22, 26].) It follows that the trace x = Xx{X) < -2. 
We study (5.2.1) using the following identity: 

4(4 - x 2 ) jx 2 + y 2 + z 2 + xyz 

— ((aft + cd)x + (ad + bc)y + (ac + bd)z) 
+ (a 2 + b 2 + c 2 + d 2 + abed- 4) | 

= (2 + a;)j(i,-*)(2- a;) + (a -6)(c-d) 

+ (2 - + z)(2 + x)-(a + b)(c + d) 

- An a . b (x)n c . d (x). (5.2.3) 
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where 



n p . q (x) := x 2 + p 2 + q 2 - pqx - 4. 



(5.2.4) 



This function equals n(p, q, x) — 2, where k is the commutator trace function 
defined in (2.2.8). 

When x ^ ±2, rewrite (5.2.1) using (5.2.3) as follows: 



(Compare (3-3) of Benedetto-Goldman [2].) 

We fix a, b,c,d> 2. As x varies, (5.2.5) defines a family of conies parametrized 
by x. For x < —2, this conic is a hyperbola, denoted H a ^, c ,d;x- The solutions 
of (5.2.5) for a,b,c,d > 2 and x < — 2 fall into two connected components 
corresponding to the two components of the hyperbolas. 

We explicitly describe these components. First observe that if a, b > 2 and 
x < —2, then 



so the left-hand side (5.2.5) is negative. For notational simplicity denote its 
opposite by k = K a! b, c ,d;x- 




Kg,b{x)K c ,d(x) 

4-x 2 



(5.2.5) 



K a ,b(x) > 16, 



K Cl d(x) > 16, 



4 - x 2 < 




KaA X ) K cA X ) 
X 2 -4 



> 0. 



Rewrite (5.2.5) as: 




Factoring the left-hand side of this equation, rewrite (5.2.5) as: 



F+(y,z)F-(y,z) = k 



(5.2.6) 
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where the functions F ± (y,z) are defined as: 



-^2- X (y + Z - ia+ f d + C) ). (5.2.7) 
F+(V, z) = F a ^, xi y, Z ):=V2- X (y- Z - ^M-A) 

+ V^- X (y + Z - ia+ _f d + C) ) (5.2.8) 

For fixed a,b,c,d>2 and x < —2, the functions F ± (y, z) are affine functions 
of y, z. 

We identify each of the two components of the hyperbola H a .b.c.d\x defined 
by (5.2.6). One component, denoted H* b c d . x , is the intersection of H a ^, c ,d;x 
with the open half plane 

Equivalently, H^ b c d is the intersection of i? a ,6,c,d;a; with the open half-plane 

Similarly the other component H ~ b c d . x is the intersection of H a ,b,cA;x with 
the open half-plane 

or, equivalently, 

K b , c , d ., x (y,z) < o. 

The union of these hyperbola components correspond to values of the relative 
Euler class (compare [26]) as follows. Either 

H + '■= U H a,b,c,d;x 

a,b,c,d>2,x<-2 

or 

H ■= [J H a ,b,c,d;x 

a,b,c,d>2,x<-2 

corresponds to characters of representations with relative Euler class 0. The 
other component corresponds to representations with relative Euler class ±1. 
There is no way to distinguish between relative Euler class +1 and —1 since 
the characters are equivalence classes under the group PGL(2,R), which does 
not preserve orientation. To determine which one is which, it suffices to check 
one single example and use continuity of the integer-valued relative Euler class. 
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Here is an example whose relative Euler class is zero. Choose 
p{A)=p{D)-\ p(B)=p(C)- 1 

so that the relation 

p(A)p(B)p(C)p(D) = I 

is trivially satisfied. Clearly such a representation depends only on the pair 
p(A),p(B) which is arbitrary. Furthermore we restrict the boundary traces to 
satisfy: 

a = tr(p(A)) > 2, b = tr(p(B)) > 2. 

This space is connected and contains the character of the trivial representation, 
whose relative Euler class is zero. Now consider the specific example: 



p(A) := 



1 1 
1 



P(B) 



1 

x-2 1 



where x < —2 is arbitrary. Then a = b = c = d = 2 and 

y = 2, z = 4 — x. 
In particular y — z < and y + z > 0. and therefore (5.2.7) implies 



F 



a.b,c,d;x 



< o 



proving that this representation has a character in H , proving Theorem 5.2.1. 

□ 



5.3 The two-holed torus. 




Figure 9. A ribbon graph representing a 2-holed torus 



72 



The two-holed torus admits a redundant geometric presentation corre- 
sponding to the ribbon graph depicted in Figure 9: 

(A, B, U, X, Y | A = UXY, B = UYX). 

The 1-handles correspond to free generators U, X, Y and the boundary com- 
ponents correspond to the triple products 

A = UXY, 
B = UYX. 

Since the curves corresponding to X, Y, U in Figure 9 intersect transversely at 
the basepoint, the double products 

V = ux, 

W = UY, 
Z = XY 

are represented by simple loops as well. The Sum Relation (5.1.1) and the 
Product Relation (5.1.2) imply that the relative character variety for Ei i2 is 
defined by 

a + b = yv + xw + zu — uxy 

ab = x 2 + y 2 + u 2 + v 2 + w 2 + z 2 — xyz — yuw — uxv + vwz — 4. (5.3.1) 

Button [9] gives defining inequalities for the Fricke space, where the bound- 
ary components are mapped to parabolics, as follows. First consider the R- 
locus of the character variety, defined as the set of all (a, 6; u, x, y, z, v, w) e K 8 
satisfying (5.3.1) above, and 

a = b = 2. 

The regular neighborhood of the union of the loops corresponding to a pair 
of X, Y, U is an embedded one-holed torus. For example corresponding to the 
pair X, Y is a one-holed torus whose boundary corresponds to the commuta- 
tor [X, Y] , and cuts S into the one- holed torus and a three-holed sphere. This 
commutator has trace k(x, y, z). Similarly the pair Y, U determines a separat- 
ing curve whose corresponding trace function is n(y, u, w) and the pair U, X 
determines a separating curve whose corresponding trace function is k(u, x, v). 
The preceding discussions of the Fricke spaces of the one-holed torus and the 
three-holed sphere imply: 

n(x,y,z) < —2, K(y,u,w) < —2, k(u,x,v) < —2. 

Button [9] shows that these necessary conditions are sufficient, thus obtain- 
ing an explicit description of the Fricke- Tcichmuller space of Si. 2 in terms of 
traces. (The reader should draw these curves on the ribbon graph depicted in 
Figure 9.) 
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5.4 Orientable double covering spaces. 

Let E be a nonorientable surface of x(^) = — 1 an d E ^> E be its orientable 
covering space. There are two cases: 

• Erj Co, 2 and E w E ,4; 

• S w C M and E w E 1)2 . 

Then 7Ti(E) = F 2 and 7Ti(E) = F 3 . Denote a set of free generators of 7Ti(E) by 
Xi,X 2 which correspond to orientation-reversing loops on E. The image of 

7ri(E)2;7ri(E) - (X 1 ,X 2 ) 
equals the kernel of the homomorphism 

7T 1 (E)^{±1} 

Xx -1 
X 2 -1, 

which is freely generated by, for example, 

Y X = X\ 

Y 2 = Xf 1 ^" 1 

Y 3 = Xj. 

The deck transformation of E —> E is induced by the restriction of the inner 
automorphism Inn(JTi) to (II)* (7Ti(E)) : 

Ki — > Yi 

Y 2 ^ Yf^Yf 1 
Y 3 ^Y 1 Y 2 Y 3 Y 2 - 1 Y 1 - 1 . 

The character ring of 7Ti(E) = F 2 is the polynomial ring C[xi, x 2 , x\ 2 }. The 
character ring of m (E) = F 3 is the quotient 

C [yi ,2/2,2/3, 2/123 , 3/12 , 3/23 , 2/13] / (3) 

where (J) is the principal ideal generated by 

$(3/1 , 2/2 , 3/3 , 3/123 , 3/12 , 3/23 , 3/13) 

= 2/12+3/13 + 3/23 + 2/122/132/23 

- (2/12/2 + 2/32/123)2/12 - (2/12/123 + 2/22/3)2/23 

- (2/12/3 + 2/22/123)2/13 + 3/1 + 2/ 2 + 3/3 + 3/123 + 2/12/22/32/123 - 4 

(5.4.1) 
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where $ is the polynomial (5.2.2). The automorphism 

,nn <*>W(- lP ») 

corresponding to the deck transformation induces the involution of character 
rings: 

2/1 <-» 2/1 

2/2 <-> 2/123 

2/3 2/3 

2/12 <-» 2/23 

2/13 <-» 2/12/3 - 2/13 - 2/122/23 + 2/1232/2 
2/23 <-» 2/12 
2/123 <-» 2/2 

The covering space II induces the embedding of character rings 

5ft 2 ^9*3 
2/i 1 — > a?? - 2 

2/2 i — ► X12 

2/3 1 — > x| - 2 
2/12 1 — ► £1X2 - ^12 
2/13 1 — > a;ia;2a;i2 - a:? - a| + 2 
2/23 1 — > a;i^2 - «12 
2/123 1 — ► a?i2 

The two topological types for E differ by their choice of peripheral structure: 

• S» Co, 2 has two boundary components corresponding to: 

<*i := y 2 = X^X^\ 5 2 = Y X Y 2 = X X X^\ 

• E w Ci,! has one boundary component corresponding to 

S := YiYa = X\X%. 

5.5 The two-holed cross-surface. 

The fundamental group of the two-holed cross-surface Co, 2 is free of rank two, 
with presentation 

7ri(Co,2) := {U,V,W,W | W = UV, W = v- 1 u) ^¥ 2 . 
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The free generators U, V correspond to orientation-reversing simple curves on 
Co, 2 and W, W correspond to the components of 8Cq,2- 

The orientable double covering-space Co, 2 — > Co, 2 is connected, has four 
boundary components (since C ,2 bas two boundary components, each of which 
is orientable) and has Euler characteristic —2 = 2x(Co,2)- Therefore Co, 2 ~ 
So, 4, the four-holed sphere, and has presentation 

7T = (A,B,C,D I ABCD = I). 

The corresponding monomorphism of fundamental groups is: 

7ri(S , 4 ) ^ 7Tl(Cb,2) 

A 1 — > W = UV 
B — ► W = V- 1 U 

C .— ► lnn(C/- 1 )(^') _1 = U- 2 VU 
D 1 — ► Innilf-^iW)- 1 = U'W- 1 . 

The character ring of 7Ti(Co,2) is the polynomial ring 9I2 — C[u, v,w] and 
the character ring of 7Ti(E 0j 4) is the quotient of C[a, b, c, d, x, y, z] by the rela- 
tion defined by (5.2.1). The induced homomorphism of character rings is: 

m 3 — > m 2 = C[u,v,w] 
a 1 — ► w 

b 1 — > uv — w = w' 
c 1 — ► uv — w = w' 
d 1 — > w 
xi — > u 2 - 2 

y 1 — > ?i 2 + v 2 + w 2 — uvw — 2 
z 1 — ► w 2 — ?i 2 (u 2 + v 2 + w 2 — uvw — 2) — 2, 
evidently satisfying the defining equation (5.2.1) for the character variety of 

^0,4- 

5.6 The one-holed Klein bottle. 

The fundamental group of the one- holed Klein bottle Ci,i is free of rank two, 
with presentation 

7ri((7i,i) := (P,Q,R,D I PQR = P 2 Q 2 D = I) =F 2 . 

The free generators P, Q correspond to orientation-reversing simple curves on 
C14 and D corresponds to dC\^. 
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The orientable double covering-space Ci t i — > Ci^ is connected, has two 
boundary components (since dC\ t i) is connected and orientable) and has Eulcr 
characteristic —2 = 2%(Ci j i). Therefore Co, 2 ~ £1,2, the two-holed torus, and 
its fundamental group has presentation 

This covering-space E 12 — > C\ t i induces the monomorphism 

7Tl(Si ;2 ) ^ 7ri(Cl,l) 

U^PQ 
X .— ► QP- 1 

y ^p 2 

A 1 — ► PQ 2 P - P 2 Q 2 

B 1 — ► PQP 2 QP- 1 ~ P 2 Q 2 

where 7Ti(£i ;2 ) is presented as: 

(A, B, U, X, Y I A = UXY, B = UYX). 

The character ring of ir\{Ci t i) is the polynomial ring 1R 2 — C\p,q,r] and 
the character ring of 7Ti(Ei i2 ) is the quotient of C[a, b, x, y, z, u, v, w] by the 
relations defined by (5.3.1). The covering space Si i2 — > Ci,i induces the 
homomorphism of character rings: 

9*3 — >9t2 =C\p,q,r] 
u 1 — ► r 
x 1 — > pq — r 
y^p 2 -2 
v 1 — ► q 2 - 2 
io 1 — ► r 

z 1 — ► p(pr — q) — r 
a 1 — > 2 — p 2 — q 2 + pr 
6 1 — ► 2 - p 2 — q 2 + pr 

which evidently satisfies the relations of (5.3.1). 

We briefly give a geometric description of the deck transformation of the 
double covering of the SL(2, C)-character variety V3 of the rank three free 
group F 3 . 

Consider the elliptic involution 1 of the torus Si,o- Writing E^o as the 
quotient R 2 /Z 2 , this involution is induced by the map 
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This involution has four fixed points, and its quotient orbifold is S 2 with four 
branch points of order two. Choose a small disc D C Si.o such that D and its 
image l(D) are disjoint. Then t induces an involution on the complement 

£1,0 \ (D U i{D)) « E 1>2 . 

This involution of the two-holed torus Si 2 induces the involution of 7Ti(Ei 2) = 
(U,X,Y): 

U\ — ► u- 1 
X 1 — ► x- 1 

Y 1 — > Y' 1 . 

The quotient orbifold is a disc with four branch points of order two. The 
corresponding involution of character varieties is the branched double covering 
(5.1.4) of the character variety V3 over C 6 described in Proposition 5.1.1. 



5.7 Free groups of rank > 3. 

The basic trace identity (2.2.5), the Sum Relation (5.1.1) and the Product Re- 
lation (5.1.2) imply that the trace polynomial f w of any word w(X\ ,X 2 ,---, X n ) 
can be written in terms of trace polyomials of words 

Xi x Xi 2 . . . Xi x X; w 

where 1 < i\ < i 2 < ■ ■ ■ < i r < n. The following identity, which may be found 
in Vogt [74], implies that it suffices to choose r < 3: 



2^1234 — il^2^3^4 + ^1^234 + ^2^341 + ^3^412 + ^4^123 

+ ^12^34 + ^41^23 — ^13^2^24 — ^1^2^34 — ^12^3^4 — ^4^1^23 — ^41^2*3 

The SL(2, C)-character variety of a rank n free group has dimension 'in — 
3, as it corresponds to the quotient of the 3n-dimensional complex manifold 
SL(2,C)™ by the generically free action of the 3-dimensional group PGL(2,C). 
Thus the transcendence degree of the field of fractions of the character ring 
equals 3n — 3. In contrast, the above discussion implies that this ring has 



n + 



n\ ( n\ n(5 + n 2 ) 
2 + U> " 



generators, considerably larger than the dimension 3n — 3 of the character 
variety. 



78 



References 



1. Bass, H., Letter to W.Goldman, April 1983. 

2. Benedetto, R. and Goldman, W., The Topology of the Relative Character Vari- 
eties of a Quadruply- Punctured Sphere, Experimental Mathematics (1999) 8:1, 
85 -104. 

3. Bers, L. and Gardiner, F., Fricke spaces, Adv. Math. 62 (1986), 249-284. 

4. Bowditch, B., Markoff triples and quasi- Fuchsian groups, Proc. L.M.S. 77 
(1998), 607-736. 

5. Bratholdt, S., and Cooper, D., On the topology of the character variety of a free 
group, Rend. Istit. Mat. Univ. Trieste 32 (2001), suppl. 1, 45-53 (2002) 

6. Brown, K. S., "Cohomology of groups" Graduate Texts in Mathematics, 87 
Springer- Verlag, New York-Berlin (1982). 

7. Brumfiel, G. and Hilden, H., "5 , L(2)-representations of finitely presented 
groups," Contemp. Math. 187 Amer. Math. Soc, Providence, RI (1995). 

8. Buser, P., "Geometry and Spectra of Compact Riemann Surfaces," Progress in 
Mathematics 106, Birkhauser Boston (1992). 

9. Button, J. O., Matrix representations and the Teichmuller space of the twice 
punctured torus, Conform. Geom. Dyn. 4 (2000), 97-107 (electronic). 

10. Cantat, S., Bers and Henon, Painleve and Schroedinger, arXiv: 0711 . 1727 

11. Cantat, S. and Loray, F., Holomorphic dynamics, Painleve VI and character 
varieties, arXiv: 0711 . 1579 

12. Culler, M., Lifting representations to covering groups, Adv. Math. 59 (1986), 
no. 1, 64-70. 

13. , and Shalen, P., Varieties of group representations and splittings of 3- 

mamfolds, Ann. Math. 117 (1983), 109-146. 

14. de Rham, C, Sur les polygones generateurs des groupes fuchsien, Ens. Math. 
17 (1971), 49-61. 

15. Ehresmann, C. Sur les espaces localement homogenes, L'ens. Math. 35 (1936), 
317-333 

16. Fenchel, W., "Elementary Geometry in Hyperbolic Space," With an editorial by 
Heinz Bauer, de Gruyter Studies in Mathematics 11 Walter de Gruyter & Co., 
Berlin (1989). 

17. and Nielsen, J., "Discontinuous groups of isometries in the hyperbolic 

plane," Edited and with a preface by Asmus L. Schmidt. Biography of the 
authors by Bent Fuglede., de Gruyter Studies in Mathematics 29 Walter de 
Gruyter & Co., Berlin (2003). 

rXiv:0711.1579 Holomorphic dynamics, Painlev 

18. Florentino, C, Invariants of 2x2 matrices, irreducible SL(2, <C) -characters and 
the Magnus trace map. Geom. Dedicata 121 (2006), 167-186. 



79 



19. Fricke, R., Uber die Theorie der automorphen Modulgrupper, Nachr. Akad. Wiss. 
Gottingen (1896), 91-101. 

20. and Klein, F., Vorlesungen der Automorphen Funktionen, Teubner, 

Leipzig, Vol. I (1897), Vol. II (1912). 

21. Oilman, J., Two-Generator Discrete Subgroups o/PSL(2,R), Memoirs AMS 561 
(1995). 

22. Goldman, W., Discontinuous groups and the Euler class, Doctoral dissertation, 
University of California, Berkeley 1980. 

23. , The symplectic nature of fundamental groups of surfaces, Adv. Math. 

Vol. 54 (1984), pp. 200-225. 

24. , Representations of fundamental groups of surfaces, in "Geometry and 

Topology, Proceedings, University of Maryland 1983-1984", J. Alexander and 
J. Harer (eds.), Lecture Notes in Mathematics 1167 95-117, Springer- Verlag 
(1985). 

25. , Invariant functions on Lie groups and Hamiltonian flows of surface 

group representations, Inv. Math. 85 (1986), 1-40. 

26. , Topological components of spaces of representations, Inv. Math. 93 (3), 

(1988), 557-607. 

27. , Geometric structures and varieties of representations, in "The Geome- 
try of Group Representations," Contemp. Math. 74 , Amer. Math. Soc. (1988), 
169-198. 

28. , Ergodic theory on moduli spaces, Ann. Math. 146 (1997), 1-33 

29. , Action of the modular group on real SL(2) -characters of a one-holed 

torus, Geometry and Topology 7 (2003), 443-486. mathDG/0305096 . 

30. , An exposition of results of Fricke,/ math/0402103v2 

31. , Projective Geometry on Manifolds, (in preparation). 

32. , McShane, G., Stantchev, G., and Tan, S., (in preparation) 

33. and Neumann, W., Homological action of the modular group on some 

cubic moduli spaces, Math. Res. Letters, 12, Issue 4, (2005), 575-591. 
math.GT/0402039 

34. Goldman, W. and Stantchev, G., Dynamics of the Automorphism Group of the 
GL(2,R)-Characters of a Once-punctured Torus, math.DG/0309072 

35. Gonzalez-Acuna, F. and Montesinos-Amilibia, J.M., On the character variety of 
group representations in SL(2, C) and PSL(2, C), Math. Z. 214 (1993), no. 4, 
627-652. 

36. Greenberg, L., Homomorphisms of triangle groups into PSL(2, C), in "Riemann 
surfaces and related topics: Proceedings of the 1978 Stony Brook Conference," 
Ann. Math. Stud. 97, Princeton Univ. Press, Princeton, N.J., (1981), 167-181. 

37. Harvey, W. J., Spaces of Discrete Groups, in "Discrete Groups and Automorphic 
Functions," Academic Press (1977), 295-347. 



80 



38. Helling, H., Diskrete Untergruppen vol SL(2,R), Inv. Math. 17 (1972), 217-229. 

39. Horowitz, R. Characters of free groups represented in the two-dimensional linear 
group, Comm. Pure Appl. Math. 25 (1972), 635-649. 

40. Iwasaki, K., 

41. J0rgensen, T., Compact 3-manifolds of constant negative curvature fibering over 
the circle, Ann. Math. 106 (1977), 61-72. 

42. Keen, L., Intrinsic Moduli on Riemann Surfaces, Annals of Mathematics 84 #3 
(1966), 404-420. 

43. , On Fricke Moduli, (1971), 205-224, in Advances in the Theory of Rie- 
mann Surfaces (Proc. Conf, Stony Brook, N.Y., 1969), Ann. of Math. Studies 
66 Princeton Univ. Press, Princeton, N. J. 

44. , A Rough Fundamental Domain for Teichmuller Spaces, Bull A. M.S. 

83(6) (1977), 1199-1226. 

45. Knapp, A. W., Doubly generated Fuchsian groups, Michigan Math. J. 15 1969 
289-304. 

46. Kra, I., On lifting Klemian groups to SL(2, C), in "Differential geometry and 
complex analysis", 181-193, Springer, Berlin (1985). 

47. Lang, S., "Algebra" (1971), Addison- Wesley. 

48. Lawton, S., Generators, relations and symmetries in pairs of 3 x 3 unimodular 
matrices, J. Algebra 313 (2007), no. 2, 782-801. 

49. Lubotzky, A. and Magid, A., Varieties of representations of finitely generated 
groups, Mem. A. M.S. 336 (vol. 58) (1985). 

50. Luo, F., Characters of sl(2) -representations of groups, J. Diff. Geom. 53 (1999), 
no.3, 575-626. 

51. Maclachlan, C. and Reid, A. W., "The Arithmetic of Hyperbolic 3-Manifolds," 
Graduate Texts in Mathematics 219, Springer- Verlag 

52. Magnus, W., Rings of Fricke characters and automorphism groups of free groups, 
Math. Zeit. 170 (1980), 91-103. 

53. Marden, A., "Outer Circles", Cambridge Univ. Press (2007). 

54. Maskit, B., Parameters for Fuchsian groups. I: Signature (0, 4), in "Holomorphic 
functions and moduli, Vol. II" (D. Drasin et al, eds.) Math. Sci. Res. Inst. Publ. 
11 (1988), 251-265. 

55. , Parameters for Fuchsian groups. I: Signature (1,1), Ann. Acad. Sic. 

Fenn. Ser. A I Math. 14 (1989), 265-275. 

56. , On Poincare's theorem for fundamental polygons, Adv. Math. 7 (1971), 

219-230. 

57. Milnor, J. W., On the existence of a connection with curvature zero, Comm. 
Math. Helv. 32 (1958), 215-223 



81 



58. and Stasheff, J., Characteristic classes, Ann. Math. Studies 76, Princeton 

University Press (1974). 

59. Morgan, J.W., and Shalen, P.B., Valuations, trees, and degenerations of hyper- 
bolic structures I, Ann. Math. (2) 120 (1984), no. 3, 401-476. 

60. Newstead, P., "Introduction to moduli problems and orbit spaces," Tata Instutc 
of Fundamental Research, Bombay (1978). 

61. Ng, S. P. K. and Tan, S. P., The complement of the Bowditch space in the 
SL(2,C)- character variety, Osake J. Math. 44 (2007), 247-254. 

62. Norbury, P., Lengths of geodesies on non-orientable hyperbolic surfaces, 
math/0612128v2 (2007). 

63. Patterson, S., On the cohomology of Fuchsian groups, Glasgow Math. J. 16 
(1975), no. 2, 123-140. 

64. Petersson, H., Zur analytischen Theorie der Grenzkreisgruppcn, Math. Ann. 
115 (1938), no. 1, 518-572. 

65. Procesi, C, The invariant theory of n x n matrices, Adv. Math. 19 (1976), 
306-381. 

66. Przytycki, J. and Sikora, Adam., On skein algebras and SL(2,C)- character va- 
rieties, Topology 39 (2000), no. 1, 115-148. 

67. Rotman, J. J., "Advanced Modern Algebra," Prentice Hall (2002). 

68. Saito, K., Algebraic representations of Teichmuller space, Kodai Math. J., 17 
(1994), 609-626. 

69. Series, C, The geometry of Markoff numbers, Math. Intelligencer 7 (1985), 20- 
29. 

70. Stantchev, G., Action of the modular group on GL (2, R)- characters on a once- 
punctured torus, Doctoral dissertation, University of Maryland 2002. 

71. Stcenrod, N., "The topology of fibre bundles," Princeton University Press 
(1957). 

72. Tan, S.P., Wang, Y.L, and Zhang, Y., The SL(2,C)- character variety of a one 
holed torus, Elec. Res. Ann. A.M. S. 11 (2005) 103-111. 

73. Thurston, W., "Three-dimensional geometry and topology. Vol. 1", Edited by 
Silvio Levy. Princeton Mathematical Series, 35 Princeton University Press, 
Princeton, NJ, (1997). 

74. Vogt, H., Sur les invariants fondamentaux des equations differ entielles lineaires 
du second ordre, Ann. Sci. E. N. S. 3 omo Serie, Tome VI, (1889) Supplement S.3 
- S.70. 

75. Wen, Z. X., Relations polynomials entre les traces de produits de matrices, C. 
R. Acad. Sci. Paris 314 (1994), 99-104. 

76. Will, P., Groupes libres, groupes triangulaires et tore epoitnte, Ph. D. thesis, 
Univ. Paris VI, Cross-ratios and 2-generator subgroups of PU(2, 1), Can. J. 
Math, (to appear). 



82 



77. Wolpert, S., The Fenchel- Nielsen deformation, Ann. Math. 115 (1982), 501-528. 

78. , On the symplectic geometry of deformations of a hyperbolic surface, 

Ann. Math. (2) 117 (1983), no. 2, 207-234. 

79. , On the Weil-Petersson geometry of the moduli space of curves, Amer. 

J. Math. 107 (1985), no. 4, 969-997. 



